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OVERCONVERGENT MODULAR FORMS AND PERFECTOID SHIMURA 

CURVES 


PRZEMYSLAW CHOJECKI, DAVID HANSEN AND CHRISTIAN JOHANSSON 

Abstract. We give a new construction of overconvergent modular forms of arbitrary weights, 
defining them in terms of functions on certain affinoid subsets of Scholze’s infinite-level modular 
curve. These affinoid subsets, and a certain canonical coordinate on them, play a role in our 
construction which is strongly analogous with the role of the upper half-plane and its coordinate 
‘ 2 ’ in the classical analytic theory of modular forms. As one application of these ideas, we define 
and study an overconvergent Eichler-Shimura map in the context of compact Shimura curves over 
Q, proving stronger analogues of results of Andreatta-Iovita-Stevens. 
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1. Introduction 

Let > 5 be an integer, and let Yi(N){C) be the usual analytic modular curve. A holomorphic 
modular form / of weight k and level N admits two rather distinct interpretations, which one might 
call the algebraic and analytic points of view: 

Algebraic: / is a global section oj{f) of the line bundle on Yi{N){C) (extending 

to Xi(N){C)). Equivalently, / is a rule which assigns to each test object - an isomorphism class of 
triples {S, E, g) consisting of a complex analytic space 5, a (generalized) elliptic curve vr : E —)• 5 
with level N structure, and g an O^-generator of oje/s (LieE/S*)* - an element f(5, E, g) E 0{S) 
such that f commutes with base change in S and satisfies i{S, E,ag) = E,g) for any 

a E 0{S)^. These two interpretations are easily seen to be equivalent (for simplicity we are 
ignoring cusps): for any test object, there is a canonical map s : S ^ ^i(-^) realizing E/S as the 
pullback of the universal curve over yi(A'), and one has s*uj{f) = i{S,E,g)g®^. 

Analytic: / is a holomorphic function on the upper half-plane f) of moderate growth, satisfying 
the transformation rule /(|f^) = {cz + d)^f{z) for all 7 E ri(A). 

How do we pass between these points of view? The key is that f) may be identihed with the 
universal cover Yi{N) of Yi{N), in the category of complex analytic spaces, and the pullback of 

the line bundle a; to Yi{N) is canonically trivialized. Precisely, Yi{N) consists of pairs {E,/3) 
where E/C is an elliptic curve and /3 = {/ 3 i,/ 32 } S Hi{E{C),Z) is an oriented basi^. This space 

admits a left action of ri(iV) by {/ 3 i,/ 32 } {o/^i + bf52,cf3i + d/32}- Let p : Yi{N) Yi{N) 

be the natural projection. Defining the period z{E, (3) E C by g = z{E, (3) 7 , where 

7 7 ^ 0 E H^{E{C), is any nonzero holomorphic one-form on E, the map 

yi(A) ^ f) 

{E,(3) eA z{E,(3) 

is a ri(A)-equivariant isomorphism of Riemann surfaces. The pullback p*uj is then trivialized by 
the differential r/can characterized by rycan = 1- Defining f{z) hy p*uj{f) = f{z)gfjj^, a calculation 
shows that rycan( 7 'S) = {cz + d)~^gca.n{z), from which the transformation law of f{z) follows. 

In the p-adic setting a priori one only has the algebraic definition valid for integral weights. 
Given the importance of non-integral weights, it seems natural to hope for a direct algebraic 
definition of modular forms with non-integral weights. More precisely, given a continuous character 
K : Zp —>■ for some L/Qp finite, one would like to define a “p-adic modular form of weight k 

and level A” as a rule which assigns to each test object an isomorphism class of triples {R, E, g) 
consisting of a p-adically separated and complete ring R, a (generalized) elliptic curve E/SpecR 
with level N structure, and g a generator of oje/r - element g{R,E,g) E R 0^^ L such that 
g commutes with base change in R and satisfies g{R, E,rg) = K{r)~^g{R, E,g) for any r E R^. 

^One also requires that /I 2 generate the Fi(A^l-structure under Hi{E{C),’L/N'L) = i?(C)[iV] 
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The problem with this naive definition is that the expression K(r) does not make sense in general. 
In fact, the only characters for which this is unambiguously defined and functorial in R are the 
power characters k : r ^ r^,k G Z. However, Andreatta-Iovita-Stevens and Pilloni f [AISll FPil] ! 
discovered (independently) a remarkable fix to this problem, whereby for a given character k one 
only allows “certain elliptic curves” and, more importantly, “certain differentials” in the definition 
of test objects. The admissible elliptic curves are those whose Hasse invariant has suitably small 
valuation. The admissible j^’s are defined using torsion p-adic Hodge theory and the theory of 
the canonical subgroup; they are not permuted by all of , but only by a subgroup of elements 
p-adically close enough to Z^ so that K{r) is defined. 

Our first goal in this paper is to develop a p-adic analogue of the analytic picture above. Of 

course, the most pressing question here is: what are the correct analogues of yi(iV), 1 } C Pj, and 
z? The following theorem gives a partial answer. 


Theorem 1.1. Given N andp\ N as above, let 

A’oo ~ ^-^Ai(Ar)A'(p") 
n 

he the infinite-level perfectoid (compactified) modular curve of tame level N / ]Sch4] ). with its natural 
right action o/GL 2 (Qp). There is a natural family of Kq{p) -stable open affinoid perfectoid subsets 
^oo,w C Aoo parametrized by rationals w G Q> 0 ; with Xoo,w' ^ Xoo,w for w < w', and there is a 
canonical global section 3 G 0(A’oo,«)) (compatible under changing w) such that 7*3 = for all 
7 G Kq{p). For any n as above and any w 0, the space 

:= {/ G 0 (^ 00 ,«;) L I k (53 + d) . 7 */ = / V 7 G Ko{p)} 

is well-defined, and the module Mk{N) = lim^_>.oo (A^) is canonically isomorphic with the 
modules of overconvergent modular forms of weight k and tame level N defined by Andreatta- 
Iovita-Stevens and Pilloni. 


Thus, in our approach, A’oo,«) plays the role of Yi{N) and the “fundamental period” 3 defined 
below plays the role of 2 :. Key to this theorem is that u) is trivialized over any X^o^w (by one of the 
“fake” Hasse invariants constructed in |Sch4| 1. which is similar to the fact that oj is trivialized over 
i). One reason why the latter is true is because the complex period map is not surjective onto P^. 
By contrast, the p-adic period morphism ttht : X^o constructed in |Sch4| is surjective, but 

becomes non-surjective when restricted to any A’oo,«)- This is the reason that our description works 
for overconvergent modular forms but not for classical modular forms. 


The second goal of the paper is to apply our “explicit” point of view to redefine and analyze the 
overconvergent Eichler-Shimura map of |AIS2| . which compares overconvergent modular symbols 
to overconvergent modular forms. Our perspective gives a short and transparent definition of these 
maps, and (we believe) clarifies the ideas involved. We also make use of certain new filtrations on 
overconvergent distribution modules to obtain a more “global” point of view on the Eichler-Shimura 
maps: after first defining them in the setting of Coleman families, we glue them into a morphism 
of coherent sheaves over the whole eigencurve. 


We now describe these results in more detail. 


1.1. Perfectoid modular curves and ir-ordinarity. Let Wt denote the modular curve over Qp 
with Yn{S) parametrizing elliptic curves E/S with a point P G E(S')[iV] of exact order N together 
with an isomorphism 


a„:(Z/p-Z)2 4E(S)b"]. 
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Let Xn denote the usual compactification of Y^, and let Yn C Xn be the associated adic spaces over 
Spa(Qp,Zp). These form compatible inverse systems (<T„)„>i, (Tn)n>i with compatible actions 
of GL 2 (Qp). Fundamental to all our considerations is Scholze’s construction of the infinite level 
modular curves Tcxd ~ ^m ^^ Yn, Xoo ~ l^m^^ and the GL 2 (Qp)-equivariant Hodge-Tate period 
map ttht : dGo —(a morphism of adic spaces over Qp). 

Let us say a few more words about ttht- Let C/Qp be a complete algebraically closed field 
extension with ring of integers Oc, and let A be an abelian variety over C of dimension g, with 
dual . Set uja = — Home (Lie ^4, C), a C-vector space of rank g. Then we have 

a natural linear map HT^i : TpA C —» the Hodge-Tate map of A, which fits into a short 

exact sequence 

0 ^ (Lie^)(l) Uom{TpA'^,C{l)) = TpA 0^, C ^ wav ^ 0 

where —(1) denotes a Tate twist. If E/C is an elliptic curve and a : —?> TpE is a trivialization, 
then {E,a) defines a point in Tcxd(G, Oe) and ttht sends {E,a) to the line (a® l)“^(LieFl) C C^. 

Our first key definition is a new gauge for the ordinarity of an abelian variety, defined in terms 
of the Hodge-Tate map HTa- Let Ea = WlA{TpA Oc)- This is an Oc'-lattice inside cja'^- 

Definition 1.2. Let w € Q>o- 

(1) An abelian variety A/C is w-ordinary if there is a basis bi,...,b 2 g of TpA such that 
HTA( 6 i) G P^Ea for all 1 < i < g. 

(2) For A/C w-ordinary and 0 < n < w -\- 1, the pseudocanonical subgroup Hn of level n 
is defined to be the kernel of the natural map 

A\p^]{C) ^ Ea 0Oc 

induced by HTa- 

(3) For A/C w-ordinary, a trivialization a : Zp® A TpA is strict if a{ei),... ,a{eg)m.odp G 
A\p]{C) form a basis for the pseudocanonical subgroup of level one. 

Let u and v be the homogeneous coordinate with respect to the standard basis ei = (J) and 
62 = ( 1 ) of Qp. We define z = —v/u, a coordinate function on P^. For w G Q>o we let P^ C be 
the locus 

P^ = {^ I infaepzj^; -a\< \p\^}. 

For 7 G Kq{p) one sees that 7 * 2 ; = and that P^ is a iFo(p)-stable afhnoid, where Kq{p) is the 
usual Iwahori subgroup of GL 2 (Zp). Define Aoo,w = 'THT(Pi)) and Too,«) = Xoo,w G Tcxd- These loci 
are iFo(j>)-stable. Finally, define the fundamental period 3 = tt^j-z G 0'^^{Xoo^w)- 

Theorem 1.3. A point {E,a) G Tcxd(G, Oc) is contained in Xoo,w if ond only if E is w-ordinary 
and a is strict. Furthermore, Xoo,w is the preimage of a canonical affinoid dQ C X^g^p), and Xoo,w 
is affinoid perfectoid. The {C,Oc)-points of Xu, = TQ G Tr:q(p) are the pairs {E,H) where E is 
w-ordinary and H is the pseudocanonical subgroup of level one, and (TQ)u, is a cofinal set of strict 
neighbourhoods of the ordinary multiplicative locus in Xp^^(^py 

Taking these infinite-level objects as our basic ingredients, we are able to give a short definition 
(Definition I2.18p of sheaves of overconvergent modular forms a;K,io on AQ whose global sections 
yield the module of Theorem ll.il This construction also works in families of weights. As 

a guide to our constructions so far, we offer the following table of analogies: 





OVERCONVERGENT MODULAR FORMS AND PERFECTOID SHIMURA CURVES 


5 


c 

Qp 

Y = Yi(A)(C), a complex analytic space 

T™ C Tko(p)i an adic space 

E/C a,n elliptic curve 

E/C a tc-ordinary elliptic curve 

(EjP), /3 = {fii,P 2 } G Hi{E{C),Z) an oriented basis 

{E,a), a : Zp A TpE a strict trivialization 

{E, /3) G V, the universal cover of Y 

a; = {E,a) G Toc.™(C) C 

ri(Ar) 0 y A f) c p)c 

ttht : Xoo,w ^ Pi, C P/Q„0 A'o(p) 

y = f) and t) are contractible 

Xoo,-w is affinoid perfectoid 

z, the coordinate on t) 

3 G O'*’(4'oo,u,), the fundamental period 

z = z{E,l3) characterized by 
fa^n = ^fg,V 

3 (a;) G C characterized by 

HTfifafei)) =3(x)HTB(a(e2)) 

Jg^ Vca.n = 1 

s = HT B(Q(e2)) 

77can(72) = -^^Vca-niz) 

7 *s = (63 - 1 - d)s 

{cz + df G 0(1)) 

K{bl + d) G 0(Xaa,m) C>Qp L {w > Wx) 

Mfc(A) = {/ G 0{t)) 1 f{gz) = (cz + d^fiz) } 

= -1 / G 0(Aoo,a,) h 1 n{bi + d)^*f = f\ 


~ lirriii;—J-oo 


Table 1.1: Analogies. 


As we have already mentioned, sheaves of overconvergent modular forms have been constructed 
previously by and |Pil| . and their constructions (which appear slightly different on the 

surface) are known to give equivalent notions of overconvergent modular forms. We prove (Theorem 
I2.33P that our definition is also equivalent to these previous constructions. As emphasized to us by 
a referee, we remark that our dehnition of the sheaf u}l„w is essentially as a line bundle on Xoo,w 
with a descent datum to Au,. However pro-etale descent of vector bundles is not effective in general 
(this follows for example from [KL21 Example 8.1.6]). In our case we show with relative ease that 
the resulting sheaf is indeed a line bundle. 

1.2. Modular curves vs. Shimura curves. While we have written this introduction so far in 
the setting of modular curves, we have chosen to work with compact Shimura curves associated with 
an indefinite quaternion division algebra B/Q split at (our fixed) p in the body of the paper. There 
are two reasons for this. The first reason is that the local p-adic geometry of these Shimura curves is 
entirely analogous to the local p-adic geometry of modular curves, but the global geometry is simpler 
without the presence of boundary divisors, compactifications, and their attendant complications. 
We believe that working in a boundaryless setting helps to clarify the point of view adopted in this 
paper. 

Having said this, many of our ideas extend to the case of modular curves. In particular, all 
the definitions and results in lj2]have exact analogues for classical modular curves, and Theorems 
11.11 and 11.31 are true as stated. The techniques we use for Shimura curves work over the open 
modular curve, and one may extend over the boundary using “soft” techniques (one does not need 
the advanced results of [Sch4l §2]). 

The second reason is that our point of view on the overconvergent Eichler-Shimura map does not 
immediately generalize to modular curves. While we believe that the underlying philosophy should 
adapt, there are certain technical aspects of the construction (in particular Proposition 14.4p which 
seem difficult to adapt. As far as we can tell, this is a purely technical issue with the pro-etale site 
as defined in |Sch3| . In work in progress ( [DT] ), Diao and Tan are developing a logarithmic version 
of the pro-etale site, and we believe that our constructions would work well in that setting. 

1.3. The overconvergent Eichler-Shimnra map. From now on we work with Shimura curves 
attached to an indefinite quaternion division algebra B/Qp split at p and use the same notation 
that we previously used for modular curves. 
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After Coleman’s construction of Coleman families and the globalization of these to the Coleman- 
Mazur eigencurve f |Clm[ ICMj ). different constructions of families of finite slope eigenforms and 
eigencurves for GL 2 /(q were given by Stevens ([Sti], completed by Bellaiche m) and Emerton 
m me]). These constructions give the same eigencurve. Roughly speaking, each approach first 
constructs a p-adic Banach/Frechet space (or many such spaces) of ’’overconvergent” objects 
interpolating modular forms/cohomology classes, and then creates a geometric object out of this 
(these) space(s). All spaces have actions of certain Hecke algebras and the fact that these give 
the same eigencurves amounts to saying that they contain the same finite slope systems of Hecke 
eigenvalues. However, not much is known about the direct relation between these spaces. One 
can rephrase the problem in the following way: each construction of the eigencurve remembers the 
spaces it came from in the form of a coherent sheaf on it, and one may ask if there are relations 
between these sheaves. 

In |AIS2j . Andreatta, lovita and Stevens study the relationship between overconvergent modular 
forms and overconvergent modular symbols. While Coleman’s overconvergent modular forms p- 
adically interpolate modular forms, Stevens’s overconvergent modular symbols interpolate classical 
modular symbols, i.e. classes in the singular cohomology groups where 

is the first relative singular cohomogy of the universal elliptic curve. Classical Eichler-Shimura 
theory, which one may view as an elaboration of Hodge Theory for these particular varieties and 
coefficient systems, gives a Hecke-equivariant isomorphism 

H\Yi{N), Sym^-2 ^ Mk (B Sk 

where Mj. is the space of weight k and level N modular forms and is its subspace of cusp forms. 
Faltings ( |Fal] 1 constructed a p-adic Hodge-theoretic analogue of this isomorphism, replacing singu¬ 
lar cohomology with etale cohomology. This construction was then adapted to the overconvergent 
context in |AIS2j . 

Let us describe these ideas and our work in more detail. We refer to the main body of 
the paper for exact definitions. Recall (EHIIh anlj i the overconvergent distribution modules 
where k is a character of as above. It may be interpreted as a local system on X;^g(p)(C). 
The singular cohomology H^(A^(j(p)(C), D®) is the space of overconvergent modular symbols. 
Following [Han2] . we construct a filtration on the integral distribution module Dk° for which the 
corresponding topology is profinite. From this one gets a sheaf on the pro-etale site of Ar'o(p) whose 
cohomology is isomorphic to H^(X^p(p)(C),D^), but also carries a Calois action. To compare this 
to overconvergent modular forms of weight k, one introduces a “fattened” version OT)% of D* which 
has the explicit description 

for V G pj-oet quasi-compact and quasi-separated (qcqs), where Voo := V 

Oxkq(p) is the completed structure sheaf on Xko{p), proet- After restricting to Au, it turns out to be 

easy to give a morphism to the completed version for V € A^^proet qcqs there is a Ko{p)- 

equivariant morphism 

Dk0C1a’u,(Roo) ^ Ox^iVoo) L 

given on elementary tensors by 

p® / i-A p(k(1 +ix))f. 

The formula is heavily inspired by a formula of Stevens for the comparison map between overcon¬ 
vergent distributions and polynomial distributions (whose cohomology computes classical modular 
symbols) which does not seem to be used a lot in the literature (see the paragraph before Definition 
[321). One then passes to iLo(p)-iiivariants to obtain the desired morphism of sheaves. This is our 
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analogue of the maps denoted by S^{w) in |AIS2j . It induces a map on cohomology groups over Cp 
which gives the desired map of spaces using that 

The strategy is the same as in |AIS2j , except that they work with the so-called Faltings site instead 
of the pro-etale site. It is the presence of infinite level Shimura curves in the pro-etale sites of 
finite level Shimura curves that accounts for the clean explicit formulas we obtain: they provide 
the correct “local coordinates” for the problem at hand. 

We analyze these maps by carrying out the above constructions in families of weights (as in 
[AIS2] i. To define Galois actions one needs to work with families parametrized by certain affine 
formal schemes instead of the more commonly used affinoid rigid spaces. Whereas the filtrations 
defined in [AIS2| only work when the formal scheme is an open unit disc near the center of weight 
space, our filtrations are defined over arbitrary Spf R where R is finite over Zp[[Ai,.., A^]] for some 
d. This enables us to glue the morphisms for different families of weights into a morphism of sheaves 
over the whole eigencurve. 

Denote by C the eigencurve and let Ccp be its base change to Cp. It carries coherent sheaves V, 
resp. M), coming from overconvergent modular symbols resp. forms. We denote by Vc^, resp. 

their base changes to Cp, which may also be viewed as sheaves of Oc^Q^Cp-modules on C. 
In the latter point of view, one may think of Cp as a (rather primitive) period ring. After gluing, 
the overconvergent Eichler-Shimura map is a morphism £S : 'Vcp (“1) of sheaves. 

Theorem 1.4 fTheorem 15.111 Theorem 15.14p . Let he the smooth locus ofC. 

(1) V and are locally free over C®™, and the kernel K. and image X of £S are locally 
projective sheaves of OcBm^Q^Cp-modules (or equivalently loeally free sheaves on C^™). The 

support o/Adj.^(—1)/T on Ccp is Zariski closed of dimension 0. 

(2) Let ecsm be the character of defined by the composition 

where e is the p-adic cyclotomic character of Gq^ and xw is the universal character ofZ^. 
Then the semilinear action of Gq^ on the module /C(e^sL) is trivial. 

(3) The exact sequence 

is locally split. Zariski generically, the splitting may be taken to be equivariant with respect 
to both the Hecke- and Gq^-actions, and such a splitting is unique. 

These are stronger analogues of results in [AIS2] . where the authors prove the analogous results 
for modular curves in some small (unspecified) open neighbourhood of the set of non-critical classical 
points. 

We believe that our perspective on overconvergent modular forms and the overconvergent Eichler- 
Shimura map should generalize to higher-dimensional Shimura varieties. In particular, it should be 
reasonably straightforward to adapt the methods of this paper to (the compact versions of) Hilbert 
modular varieties. 

1.4. Notation, conventions and an outline of the paper. Throughout this text, we let p 
denote a fixed prime. 

For the purposes of this paper, a small Zp-algebra is a ring R which is reduced, p-torsion-free, 
and finite as a Zp[[Ai,..., A^;]]-algebra for some (unspecified) d > 0. Any such R carries a canonical 
adic profinite topology, and is also complete for its p-adic topology. For convenience we will fix a 
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choice of ideal a = ajj defining the profinite topology (a “canonical” example of such a choice is the 
Jacobson radical). All constructions made using this choice will be easily verified to not depend 
upon it. 

We will need various completed tensor product constructions, some of which are non-standard. 
We will need to take a form of completed tensor product between small Zp-algebras and various 
Banach spaces or other Zp-modules. These will always be denoted by an undecorated completed 
tensor product 0. We explain our conventions for the unadorned § in Convention 12.21 and 
Definitions IB.JI and 16.61 below. Any adorned is a standard one, with respect to the natural 
topology coming from A. 

We will use Huber’s adic spaces as our language for non-archimedean analytic geometry in this 
paper. In particular, a “rigid analytic variety” will refer to the associated adic space, and all open 
subsets and open covers are open subsets resp. open covers of the adic space (i.e. we drop the 
adjective “admissible” used in rigid analytic geometry). The pro-etale site of [Sch3] is key to our 
constructions; we will freely use notation and terminology from that paper. For perfectoid spaces 
we use the language of mu for simplicity (e.g. we speak of perfectoid spaces over Qp), but any 
perfectoid space appearing is a perfectoid space is the sense of [S^ (i.e. it lives over a perfectoid 
field). 

Let us finish the introduction by briefly outlining the contents of the paper. In ^we give our new 
definitions of sheaves of overconvergent modular forms in families and prove their basic properties, 
including a comparison with the definitions of [AISlllPlI] . In ^we recall the basic definitions from 
the theory of overconvergent modular symbols and define the filtrations mentioned above. We make 
some technical adjustments when defining slope decompositions. In particular, we do not need the 
concept of a weak orthonormal basis used in [AIS2| : all slope decompositions can be defined using 
standard orthonormal bases and formal operations. In ^ we define our overconvergent Eichler- 
Shimura maps, and ^ glues them over the eigencurve and proves the properties stated above. 

The paper concludes with an appendix, collecting various technical results and definitions that 
are needed in the main text; some of these results may be of independent interest. In ^6.II we define 
our non-standard completed tensor products and prove some basic properties. While we only need 
this (8) for small Zp-algebras R, it turns out that the ring structure only serves to obfuscate the 
situation. Accordingly, we define for a class of Zp-module that we call profinite flat. Throughout 
the text we will need to consider sheaves of rings like Ox®R and Ox®R on X where A is a rigid 
space and i? is a small Zp-algebra. We prove some technical facts about these sheaves of rings and 
their modules in 116.2116.31 Finally 116.41 discusses quotients of rigid spaces by finite group actions, 
proving a standard existence result that we were not able to locate in the literature. 
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2 . OVERCONVERGENT MODULAR FORMS 

2.1. Weights and characters. In section we recall some basic notions about weights. We may 
define weight space as the functor from complete affinoid (Zp, Zp)-algebras {A, A'^) to abelian groups 
given by 

(A,^+) ^Homrf,(Z^,^^). 

This functor is representable by (Zp[[Zp ]], Zp[[Zp ]]). The proof is well known. The key fact that 
makes the arguments work in this generality is that A°/A°° is a reduced ring of characteristic p, 
where A°° is the set of topologically nilpotent elements in A. We define 2B = Spf(Zp[[Zp ]]) and 
let W = Spf(Zp[[Zp ]])"s be the associated rigid analytic weight space, with its universal character 

xw-^$^o{wr. 

We embed Z into W by sending k to the character Xk{z) = z^~^. 

Definition 2.1. ( 1 ) A small weight is a pair U = {Ru-,Xu) where Ru is a small "Lp-algebra and 

Xu ■ '^p ^ Ry is a continuous character such that xu{^ +p) “ 1 is topologically nilpotent 
in Ru with respect to the p-adic topology. 

(2) An affinoid weight is a pair U = {Su,Xu) where Su is a reduced Tate algebra over Qp 
topologically of finite type and xu '■ ^p ^u ^ continuous character. 

(3) A weight is a pairU = {Ay,Xu) which is either a small weight or an affinoid weight. 

We shall sometimes abbreviate Ay by A when U is clear from context. In either case, we can 
make Aw[-] into a uniform Qp-Banach algebra by letting A^ be the unit ball and equipping it with 

the corresponding spectral norm. We will denote this norm by \-\u- Note then that there exists a 

1 

smallest integer s > 0 such that |xw(l + p) — l|w < p . We denote this s by su. When IT is 

small, the existence uses that xu(^ +p) — ^ is p-adically topologically nilpotent. We will also make 
the following convention: 

Convention 2.2. Let U be a weight and let V be a Banach space over Qp. We define V®Au as 
follows: 

( 1 ) IfU is small, then V®Ru is a mixed completed tensor product in the sense of the appendix. 

( 2 ) IfU is affinoid, then V®Su '.= VdluQ^Su. 

Remark 2.3. Many (though not all) of the results in this paper involving a choice of some weightU 
make equally good sense whether U is small or affinoid. In our proofs of these results, we typically 
give either a proof which works uniformly in both cases, or a proof in the case where U is small, 
which is usually more technically demanding. 

When U = {Ru-,Xu) is a small weight the universal property of weight space gives us a canonical 
morphism 

Spf(i?w) ^ 2B, 

which induces a morphism 

Spf(i?^^)”s ^ W. 

When U = {Su, Xu) is an affinoid weight we get an induced morphism 

Spa(5w,S’^)^W. 

We make the following definition: 

Definition 2.4. ( 1 ) A small weightU = {Ru,Xu) is said to be open if Ru is normal and the 

induced morphism S'pi{Ru)’^^^ is an open immersion. 



10 


PRZEMYSLAW CHOJECKI, DAVID HANSEN AND CHRISTIAN JOHANSSON 


(2) An affinoid weight U = {Su-, Xu) said to he open if the induced morphism Spa{Su, 5^) —>■ 
W is an open immersion. 

(3) A weight U = {Ajj, Xu) is said to he open if it is either a small open weight or an affinoid 
open weight. 

Note that if W is a small weight such that —>■ W is an open immersion, then the normalization 

of W is a small open weight. 

Let B be any uniform Qp-Banach algebra. Let us say that a function / : Zp —>■ i? is s-analytic 
for some nonnegative integer s if, for any fixed a G Zp, there is some ipf^a S B (T) such that 
^f,a{x) = f{p^x + a) for all x G Zp. In other words, / can be expanded in a convergent power series 
on any ball of radius p~^. This is naturally a Banach space which we denote by B). 

Theorem 2.5 (Amice). The polynomials ej(x) = ^ j ^ form an orthonormal basis of 

B) for any uniform Qp-Banach algebra B. Furthermore, we have ej(Zp -\-p^B°) C B°. 

Proof. This is well known, see e.g. [Cdl Theorem 1.7.8] and its proof. □ 

We can now prove that characters extend over a bigger domain. 

Proposition 2.6. Let U = {Ai(,xu) be a weight and let B be any uniform Qp-Banach algebra. 
Then for any s G Q>o such that s > su, Xu extends canonically to a character 

XU ■■ Bf ^ (A^0z,BT C {Au0B)^, 

where Bf := Zp • (1 C {B°)^ and p^^^B° is shorthand for {b & B° \ |6| < p~^~^} (where 

I — I is the spectral norm on B). 

Proof. Without loss of generality we may assume that s is an integer (e.g by replacing s with 
[sj). We may decompose any b G Bf uniquely as b = io{b){b), with uj{b) G tip-i and (6) G 
1 +pTjp + p^~^^B°. We will show that for any s > su and b G Bf, the individual terms of the series 

^ . / log(&) 

f{b) = Xu{^{b)) ^ (xw(l +P) - 1)^ I°g(i+P) 

j=o V 

log<ti) 

“ = ” xw(^^(^)) •x(l 

lie in A^ iSiZp B° and tend to zero p-adically, so this series converges to an element of A’fi®j^^B° 
and a fortiori to an element of Au^B. We claim this series defines a canonical extension of xu- 

Using the well known formula for the p-adic valuation of factorials we see that Up( !) < ■ 

In particular, writing 

Xu{<^{b)) (xw(l +7») “ ( I ) = Xu{^{b)) Y -foj 

1 

our assumption on s implies that |xw(l + p) — ^\ii < P ^ so we see that this series converges 

to an element of Ay®ZpB° for any x G B such that e(j{x) G B° for all j. By Theorem 12.51 it then 

suffices to verify that if 6 G Bf then x = G "Lp + p^B°. But we know that the function 

7 /(6) = defines a homomorphism from 1 +pZp + p^~^^B° to Zp + p^B°, so we are done. The 

character property follows by calculating directly from the definitions. Finally, to show that this 
character extends xu^ note that for b G ^p-i x (1 +p)^^°, f{b) becomes a finite sum which equals 
Xu{b) by the binomial theorem, so /|^x = xu by continuity. □ 
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2.2. Shimura curves. We write C for an algebraically closed field containing Qp, complete with 
respect to a valuation u : C —M U {+ 00 } with v{p) = 1 (so u is nontrivial), and we write Oc 
for the valuation subring. Fix an embedding Cp C C. We fix a compatible set of p"'-th roots of 
unity in Cp and use this choice throughout to ignore Tate twists (over any C). We let B denote an 
indefinite non-split quaternion algebra over Q, with discriminant d which we assume is prime to p. 
We fix a maximal order Ob oi B as well as an isomorphism Ob <8 )z — -Tf 2 (Zp), and write G for 

the algebraic group over Z whose functor of points is 

R^{Ob 

where R is any ring. We fix once and for all a neat compact open subgroup C G{^) such that 
RP = for compact open subgroups Ki C GL 2 { 1 ^i) and (for simplicity) det{KP) = (Z^)^. 

Recall (e.g. from [Buz 11 § 1 ]) that a false elliptic curve over a Z[^]-scheme S' is a pair {A/S,i) 
where A is an abelian surface over S and i : Ob ^ End 5 ( 74 ) is an injective ring homomorphism. 
We refer to [Buzl] for more information and dehnitions regarding false elliptic curves, in particular 
the dehnition of level structures. Let -Tql 2 (Zp) be the moduli space of false elliptic curves with RP- 
level structure as a scheme over Zp. We denote by XcL^iZp) tbe Tate analytihcation of its generic 
fibre, viewed as an adic space over Spa(Qp,Zp). For any compact open subgroup Rp C GL 2 (Zp) we 
use a subscript —Kp to denote the same objects with a Rp-level structure added. We will mostly 
use the standard compact open subgroups Ro{p'^) or R{p^), for n > 1. Since we will mostly work 
with the Shimura curves with iFo(p)-level structure, we make the following convention: 

Convention 2.7. We define X := X^^^p), X = Xxq{p)j cetera. A Shimura curve with no level 
specified has RQ{p)-level at p. 

The following striking theorem of Scholze is key to all constructions in this paper. 

Theorem 2.8 (Scholze). There exist a perfectoid space X^o over Spa(Qp,Zp) such that 

Too ~ (imTj^i-pny 
n 

It carries an action o/GL 2 (Qp) and there exists a GL 2 {Qp)-equivariant morphism 

ttht : Too ^ 

of adic spaces over Spa(Qp,Zp). Let = Ti U V 2 denote the standard affinoid cover. Then 
Vi = vrjj^T(Fi) and V 2 = are both affinoid perfectoid, and there exists an N and affinoid 

opens 81,82 C Xj^^pN^ such that Vi is the preimage of Si. Moreover we have uj = 7ryrpO(l) on Too, 
where uj is obtained by pulling back the usual uj (defined below) from any finite level Xx[p^). 

A few remarks are in order. For the definition of ~ we refer to |SWl Dehnition 2.4.1]. This 
theorem is essentially a special case of [Sch4[ Theorem IV. 1.1] except for the difference in base 
held and the target of ttht; there one obtains a perfectoid space over some algebraically closed 
complete G/Qp and ttht takes values in a larger (partial) hag variety. The version here is easily 
deduced in the same way; we now sketch the argument. The tower (T/^(pn))„ embeds into the tower 
of Siegel threefolds (over Qp), and the same argument as in the proof of |Sch4[ Theorem IV. 1.1] 
gives the existence of Too and a map ttht which takes values in the partial hag variety Xl of GSp 4 
with respect to the Siegel parabolic. Using the M 2 (Zp)-action (see below) one sees that it takes 
values in T XL Since the hrst version of this paper, such results have appeared in the case of 
general Hodge type Shimura varieties; see [GSl Theorems 2.1.2 and 2.1.3]. Finally, one easily sees 
that the standard affinoid opens of P^ come by pullback from standard affinoid opens of P^ via the 
embeddings P^ C T/ C P^, where XI C P® is the Plucker embedding. 
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Let US now discuss some standard constructions and define the sheaf oj mentioned in Theorem 
12.81 For any false elliptic curve A over some Zp-scheme S the p-divisible group carries an 

action Ob ( 8 )z^p — M2{Zp). Put Ga = eA[p°°], where e € M 2 (Zp) is an idempotent that we will fix 
throughout the text (take e.g. (q (]))• This is a p-divisible group over S of height 2 and we have 
= G^ functorially; we will fix this isomorphism. For all purposes Ga behaves exactly like 
the p-divisible group of an elliptic curve and we may nse it to define ordinarity, super singularity, 
level structures et cetera. We will often just write G instead of Ga if the false elliptic curve A is clear 
from the context. The line bundle a; is the dual of e(Lie(^““''/X)), where is the universal 

false elliptic curve. We will also write = ^^univ. The same definitions and conventions apply 
to the adic versions, and to other level structures. 

Next, we specify the right action of GL 2 (Qp) on (C, Oc')-points on both sides of the Hodge-Tate 
period map Too First we consider G GL 2 (Qp) acts from the left on (viewed as 

column vectors) and a line L C is sent by g to where g t-A g'^ is the involution 

«=(“ d) « G = det(9)9-‘= (4 ?)■ 

This defines a right action. A (C, Oc')-poiiit of Too consists of a false elliptic curve A/C and an 
isomorphism a : Zp ^ TpG (and the level structure which we ignore). Let g G GL 2 (Qp) and 
fix n G Z such that p^g G M 2 (Zp) but p^~^g ^ M 2 (Zp). For m G Z>o sufficiently large the kernel 
of p^g^ modulo p™ stabilizes and we denote the corresponding subgroup of ^[p™] under a by H. 
We define {A,a).g to be {A/, /3), where f3 is defined as the composition 

VpG Vp{G/H). 

Here is viewed as a subgroup scheme of T[p°°] via the functorial isomorphism T[p°°] = G®'^, 
Vp{—) denotes the rational Tate module and (/^)* : Vp{G/H) -A VpG is the map induced from 
the dual of the natural isogeny f : G ^ G/H (note that (3 is isomorphism onto Tp{G/H)). 
In particular, if p G GL 2 (Zp), then {A,a).g = {A, a ■ g) where (a • g){ei) = aa{ei) + ca(e 2 ), 
{a- g){e 2 ) = ba{ei) + da{e 2 )- Here and everywhere else in the text ei and 62 are the standard basis 
vectors (J) and ()*) of Zp. 

2.3. ID-ordinary false elliptic curves. Let LI be a finite flat group scheme over Oc killed by 
p"". We let ojh denote the dual of Lie(LL). It is a torsion Oc-module and hence isomorphic to 
@iOc/cLiOc for some finite set of a* G Oc- The degree deg(iL) of H is defined to be 
The Hodge-Tate map HT// is the morphism of fppf abelian sheaves H -A uhw over Oc defined on 
points by 

/ G LL = ^ r{dt/t) G UH- 

where we view / as a morphism / : -A Pp", dt/t ^ is the invariant differential and — ^ 

denotes the Gartier dual. We will often abuse notation and use HTj^ for the map on Oc'-points, 
and there one may identify the Oc-points of H with the C-points of its generic fibre. 

Now let G be a p-divisible group over Oc- Taking the inverse limit over the Hodge-Tate 
maps for the Glp""] we obtain a morphism HTc : TpG -A wgv, which we will often linearize 
by tensoring the source with Oc- Taking this morphism for and dualizing it we obtain a 
morphism Lie(G) —>■ TpG ( 8 )Zp Oc- Putting these morphisms together we get a sequence 

0 —)■ Lie(G) —)■ TpG (^Zp Oc —^ 0 

which is in fact a complex with cohomology groups killed by p^Ap-G f [FGLl Theoreme H.1.1]). 
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Let AjC be a false elliptic curve. Then A has good reduction and we will denote its unique 
model over Oc by A. We have the Hodge-Tate sequence of Ga\p°^]- 

0 —7- Lie(^_ 4 ) —)■ TpQ (8)Zp Oc 

Here we have dropped the subscript —a in the notation of the Tate module for simplicity; this 
should not cause any confusion. We will write HT^ for HTg^[poo]. The image and kernel of 
HTyi are free Oc-modules of rank 1 that we will denote by Fa and F\ respectively. Note that 
C Fa F ujg^. 

Recall that ei and 62 are the standard basis vectors of and let tc be a positive rational number. 

Definition 2.9. Let A/C be a false elliptic eurve with model A/Oc- Let w G Q>o- 

(1) Let a be a trivialization of TpQ. We say that a is w-ordinary if HTA{ct{ei)) Gp'^Fa- 

(2) A is called w-ordinary if there is a w-ordinary trivialization of TpQ. 

Note that if A is rc-ordinary, then it also w-ordinary for all w' < w. Note also that A is ordinary 
(in the classical sense) if and only if it is oo-ordinary (i.e. H-ordinary for all w > 0 ). 

Definition 2.10. Let A/C be a w-ordinary false elliptie eurve and assume that n G Z>i is sueh 
that n < w + 1. Then the kernel of the morphism Q\p^\{C) —> Fa/p^™^'^'^'^Fa induced by HT^ 
is an etale subgroup scheme Hn of Qa\p^] isomorphie to Z/p^Z whieh we call the pseudocanonical 
subgroup of level n. 

We will use the notation Hn to denote the pseudocanonical subgroup of level n (when it exists) 
whenever the false elliptic curve A is clear from the context. When there are multiple false elliptic 
curves in action we will use the notation Hn^A- Since Hn is naturally equipped with an inclusion 
into Qa\p'^] we may take its schematic closure inside Qa\p^]- This is a finite flat group scheme of 
rank p^ over Oc with generic fibre Hn and we will abuse notation and denote it by Hn as well. 

When n = 1 we will refer to Hi simply as the pseudocanonical subgroup and drop ”of level 
1”. Note that if a : TpQ —>■ Z^ is a w-ordinary trivialization with n — 1 < w < n then 
{a~^ modp"')| 2 /pn 2 g 50 trivializes the pseudocanonical subgroup. We record a simple lemma: 

Lemma 2.11. Let A/C he a false elliptic curve and let a be a w-ordinary trivialization of TpQ. 
Assume that w > n ^ Z>i and let m < n be a positive integer. Then A/H^^ is (w — m)-ordinary, 
and for any m' € Z with m < m' < n, Hni'-m,A/H®^ ~ 

Proof. Let g G GL 2 (Qp) denote the matrix (op^). Then {A,a).g = {A/H®\, (d) where fd is 
defined by this equality. Let / denote the natural isogeny Q -A Q/Hm- From the dehnitions we get 
a commutative diagram 

'Zl -^ TpQ > Fa 

9'' /* (Hr 

8 ” 

Z.l^Tp{QlHm)^-F^I^^. 

and direct computation gives that p™'HT^^p^®2(/3(ei)) = (/'^)* HT 2 i(a(ei)). Since HT 2 i(a(ei)) G 
P'^Fa we see that HT^^^®2(/3(ei)) G p'^~^F which proves the first assertion. For the 
second assertion, observe that by definition Hni'-m Hm' ,a/ Hm,A are generated by 

/?(ei) modp™'^“™' and /(Q;(ei)) modp™' respectively, and that these are equal. □ 
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Remark 2.12. The commutativity of the diagram in the proof above is also what essentially proves 
the GL 2 {Qp)-equivariance of the Hodge-Tate period map ttht; and the first assertion may he viewed 
more transparently as a direct consequence of this equivariance for the element g. Note also that 
the second assertion of the Lemma mirrors properties of the usual canonical subgroups of higher 
level. 

Next we recall some calculations from Oort-Tate theory which are recorded in [Far I §6.5 Lemme 
9] (we thank an anonymous referee for pointing out this reference). For the last statement, see 
Proposition 1.2.8 of [Kasj (for further reference see Remark 1.2.7 of loc.cit and §3 of |Buz2| : note 
that these references treat elliptic curves but the results carry over verbatim). 

Lemma 2.13. Let H be a finite flat group scheme over Oc of degree p. Then H is isomorphic 
to Spec(Oc'[^]/(^^ ~ aY)) for some a € Oc and determined up to isomorphism by v{a), and the 
following holds: 

(1) ojh = {Oc/aOc).dY and hence deg{H) = v{a). 

(2) The image of the (linearized) Hodge-Tate map HTj:/v : H'^{C) (8) Oc ojh is equal to 
{cOc(aOc).dY, where v{c) = (1 — v{a))/{p — 1). 

Moreover, if A/C is a false elliptic curve such that H C Qjfp] and deg{H) > l/{p + 1), then H is 
the canonical subgroup of ■ 

We will use these properties freely in this section. Using this we can now show that the 
pseudocanonical subgroup coincides with the canonical subgroup for sufficiently large w (as a 
qualitative statement this is implicit in [Sch4| . cf. Lemma III.3.8). 

Lemma 2.14. Let A/C be a w-ordinary false elliptic curve and assume that p/{p^ — 1) < rc < 1. 
Then Hi is the canonical subgroup of Qji. 

Proof. Consider the commutative diagram 

0 - ^Hi{C) - ^GaIpKC) 

' ' 

^Sa[pY 

with exact rows. We have a;g_^[p]v = ujg-^/pujg^. Note that Hi is an Oort-Tate group scheme and 
hence isomorphic to Spec{Oc\Y]/(Y'P — oY)) for some a € Oc with v{a) = deg{Hi) and Hf is 
isomorphic to Spec{Oc\Y]/{fYP — bY)) with ab = p. Fix a generator s € Hi{C). By choosing 
generators the inclusion —>■ be written as Oc/bOc Oc/pOc where the map 

is multiplication by o, and HTj:^v(s) has valuation v{a)/{p — 1). Since A is lu-ordinary we have 
aHTj;^v(s) =HT_ 4 [p](s) € and henceju;(a)/(p —1) > w, i.e. deg(i7i) > {p—l)w/p. By our 

assumption on w we deduce deg(i7i) > l/(p-|- 1) and hence that Hi is the canonical subgroup. □ 

Remark 2.15. As emphasized by a referee, one may also bound the Hodge height of Qa, at 
least under stronger assumptions on w (recall that the Hodge height is the valuation of the Hasse 
invariant, truncated by 1 ). For example, using [FGLl Theoreme II.1.1] and [AIPl Proposition 3.1.2], 
one sees that if \ + < u; < 1 and p > 5, then the Hodge height of Qa is < 1 — rc -|- 

We will now, somewhat overdue, discuss the interpretation of rc-ordinarity in terms of the Hodge- 
Tate period map. Define a coordinate z on by letting z correspond to the line spanned by (^) 


0 -^ Wj/v 
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with z = —y/x and for w G Q>o define Uw C to be the locus \z\ < |p"'|. If re < n, then this 
locus is -K’o(p"')-stable. It is a rational subset of Vi. Now define 


^oo,w — 

This is a ii'o(p"')-stable open subspace of X^q. In fact, Uoo,w is afhnoid perfectoid since Uw is 
a rational subset of Vi C and therefore Uoo,w is a rational subset of Vi since ttht is adic. 
The conclusion follows from [Schll Theorem 6.3(ii)]. Note that, directly from the definition, the 
(C, Oc')-points of Uoo,w are exactly the pairs (^4, a) for which a is iD-ordinary. 

In this article we will want to vary w in order to capture all weights when defining overconvergent 
modular forms. A minor disadvantage of the loci Uoo,w is that they are stable under different 
compact open subgroups as w varies. We will instead define related loci that have the advantage 
that they all stable under the action of Kq{p) (independent of w). 

Definition 2.16. Let w G Q>o and let A he a w-ordinary false elliptic curve over C. Let a be a 
trivialisation of TpQ. We say that a is strict if {a mod p)|z/pZ®o trivializes the pseudocanonical 
subgroup. 

Note that if a is tc-ordinary then it is strict. Given (A, a) with A tc-ordinary and a strict, the 
orbit of {A, a) in X^o under Ko{p) consists exactly of the pairs {A,/3) for which fd is strict. We 
define P^ C Vi to be the rational subsets whose (C, Oc')-points correspond to 

{z G Oc I 3s G pZp : [z — s| < |p"'|}. 

One checks directly that if 7 G Kq{p) and \z\, |s| < 1, then — 7 ^s| = \z — s|. Thus 
stable under Kq{p) and moreover P^ = UwKq{p). We then define 


IS 


jV _ •7r~^ 

— ^HT 


(Pi,)- 


By the discussion above these are A'o (p)-stable and a (C, Oc')-point (A, a) of X^o is in X^^^w if and 
only if A is tc-ordinary and a is strict. 


Theorem 2.17. Let w G 

(1) There is a unique affinoid open rigid subspace Xw C X whose {C,Oc)-points are exactly 
the pairs {A,H) with A a w-ordinary false elliptic curves (with K^-level structure) and H 
its pseudocanonical subgroup. 

(2) Let q : Too —>■ X denote the projection map. Then Xq^.w = (l~^{Xw)- 

(3) The sets {Xw)w form a cofinal set of open neighbourhoods of the closure of the ordinary- 
multiplicative locus in X. 

Proof. Write, for any level Kp C GL 2 (Zp), qxp for the projection map Xqo —>■ X. We prove (1) and 
(2) together. Indeed, we define Xw := q{Xoo,w)- Since q is pro-etale, Xw is open and quasicompact 
( |Sch3j . Lemma 3.10(iv)) and the characterization of the {C, Clc)-points of Xw follows directly from 
the characterization of the (C, Ocj-points of Xoo,w Note that uniqueness is clear since quasicompact 
open subsets of quasiseparated rigid analytic varieties (viewed as adic spaces) are determined by 
their classical points (cf. [Schll Theorem 2.21]). This also finishes the proof (1), except that we 
need to show that Xw is affinoid. 

By the definition of the inverse limit topology we may find m and a quasicompact open subset 
W C Xx(pm) such that 9 )^(pm)(kk) = Xoo,w We claim that W = qK(p^){^oo,w)- Indeed, both 
sets are determined by their (C, 07 )-points and qK{p”^) is surjective on {C, Oc')-points. Thus it 
remains to see that if r is the natural map —>■ A, then r~^{Xw) = W, which we can check 

on (C, Oc')-points. This follows from the surjectivity of qx^ on (C, Oc')-points for arbitrary Kp and 
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the fact that any trivialization that maps down to the pseudocanonical subgroup is automatically 
strict (in the sense that one/any lift to a trivialization of the whole Tate module is strict). This 
proves (2). Finally we finish the proof of (1) by showing that is afhnoid. To see this we use 
Xoo,w = Since is a rational subset of Vi we may find some large N and an afhnoid 

S C Xj^i^pN^ such that Xoo,w = (this follows from Theorem 12.81 and the fact that rational 

subsets come from hnite level). Then X^ is the quotient of S by the hnite group Ko{p)/K{p^) and 
hence afhnoid by Corollary 16.261 


We now prove (3). As a qualitative result it follows by general topology arguments using the 
constructible topology, cf. |Sch41 Lemma III.3. 8 ]. Here we deduce a quantitative version using the 
Lubin-Katz theory of the canonical subgroup. For a statement of the results we need phrased 
in terms of the degree function see Proposition 1.2.8 of [Kas| (as before this reference treats 
elliptic curves but the results carry over verbatim). Without loss of generality we restrict our 
attention to rc = 1,2,3,.... On Xi, Hi is the canonical subgroup and deg(FIi) > {p — l)/p. Let 
^ ^ (oi) ^ GL 2 (Qp). Then h{Xoo,w) = Xoo,w+i for all w. Moreover, if {A, a) € ^(C', Oc) 

and {A,a).h = {A/, j3), then H is anticanonical and hence of degree (1 — deg{Hi))/p. Hence 
deg{Q\p]/H) = 1 — (1 — deg{Hi))/p > 1/2 and Q\p\/H is the canonical subgroup. Write 6n for 
the degree of the canonical subgroup of {hA).A. Then we get the recurrence relation 5n+i = 
{p — l)/p + 5n/p and from 5i> {p — l)/p we deduce that 




p-l 


n—1 ^ 

T- 


= 1 - 


p" 


We have therefore proved that if {A,H) G Xn{C,Oc) then deg{H) > 6!^. As (5(j —>■ 1 as n —>■ oo, 
the result follows since the loci {{A,H) \ deg{H) > r} for r G (0,1) form a cofinal set of open 
neighbourhoods of the closure of the ordinary-multiplicative locus (which is the locus {{A,H) \ 
deg{H) = 1}) . □ 


2.4. The fundamental period and a non-vanishing section. Recall the coordinate z on 
defined earlier. The action of 5 = (“^) G GL 2 (Qp) is 


z-9 = g^z = 


az + c 
bz + d 


Below, whenever we have a matrix g G GL 2 we will use a, b, c, d as above to denote its entries. 
Note that 2 : defines a function in H^{Vi,Opi) and by composing with ttht we obtain a function 
3 G H^{Vi,Oj^^) which we will call the fundamental period. We will use the same notation to 
denote its restriction to X^o^w for any tc > 0; by definition 3 G H^{Xoo,w,p'^p + ). Note that 

if = icd) ^ ^o(p) then 

* 03 + c 

^ ^ “ 63 + d 

as functions on Xao,w Next we wish to trivialize 0(1) over S = {z 00 } C by defining a 
non-vanishing section. Everything we write in this section is standard but we repeat it since we 
will need some explicit formulas. The section we are after is algebraic so we will momentarily 
work in the realm of algebraic geometry. Explicitly it is given by the following formula: The line 
bundle 0(1) has a geometric incarnation with total space (GL 2 xA^)/B where B denotes the lower 
triangular Borel in GL 2 and acts on by g.x = d~^x (this equivariant structure may differ from 
the canonical one, but it is the one corresponding to the Hodge-Tate sequence on Xoo). Global 
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sections correspond to functions / : GL 2 —)• satisfying f{gh) = d{h) ^ f{g) for g G GL 2 , h ^ B. 

There is a morphism of equivariant vector bundles 

(GL 2 / 5 ) X ^ (GL 2 X 


given by 

(5, ^ {9,dx - by). 

Here the left hand side has the GL 2 -action g.{h,v) = {gh, {g'^)~^v). Then the global section of 
(GL 2 /-B) X A^ given by the constant function <7 1 —>■ 62 maps to global section of 0(1) given by the 
function 

s GL2 —y A^ 5 

s{g) = -Ha)- 

Note that s = 0 if and only 5 G H so s is invertible on S. Let us now return to the rigid analytic 
world and let IT C S' be an open subset such h'^ (W) C W for some h G GL 2 (C'). Then by direct 
calculation 

{sh'^){g) = d{g)b{h) - b{g)d{h). 


Thus 


soh^ d{h)b{g) - b{h)d{g) 

=-Krf- 


This is a function on W. Taking g = gz = {i /) we see that 


O 

- (z) = b{h)z + d{h). 

s 

We may then pull s back via ttht to get (compatible) non-vanishing sections s G H^{Xoo,w,^) for 
all w satisfying 

^ = hi+ d 
5 

for all 7 G Kq{p). We remark that s is one of the ’’fake” Hasse invariants constructed in [Sch4] . 


2.5. A perfectoid definition of overconvergent modular forms. We will give definitions 
of sheaves of overconvergent modular forms with prescribed small or affinoid weight. Recall the 
forgetful morphism q : Xoo,w —^ ^ A. 

Definition 2.18. Let U he a weight and let w G Q>o he such that w > 1 + sy- We define a sheaf 
^u,w 0^ by 

^U,n,iU) = {/ G 0;,^Jq-HU))Mu I = Xuih + d)-^f V 7 G Ko{p)} 
where U C is a qcqs open subset. 

We remark that, since b^ + d € (1 + u,)’ assumption w > I + su ensures that 

Xu{H + d) is well defined (by Proposition 12.6p . Define 

^o(p) = {( c d ) ^ M 2 (^p) G GL 2 (Qp) I c G pZp, d G Zp }. 

This is a submonoid of GL 2 (Qp) containing Kq{p), and it stabilizes for all w. We can form a 

sheaf T on Xoo,w by F{Uoo) = Ox^^^{Uoo)®Au for Uoo C Xoo,w qcqs {not necessarily of the form 
q~^{U)), and we may equip it with a Ao(p)-equivariant structure by the rule 

1-u- ■■ HUoo) ^ 

l-u f = xuih + d)j*f 
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for 7 S Ao(p). Then ujy ^ and we obtain an action of the double cosets Kq{p)^Kq{p) 

for 7 G Ao(p) on uj^ given by the following standard formula: 

[Ko{phKo{p)] : „,([/); 

[Koip)jKo{p)].f = Y^Xuihi + di)x*f 

i 

where U C is qcqs, V C is the image of U under \Kq{p)xKq{p)] viewed as a correspondence 
on Xy^, and Kq(j))xKq{p) = IJj 7 iA'o(p) is a coset decomposition. This gives us the Hecke action at 
p for ujjj As in the complex case, we may also view this action as an action by correspondences. 
We give a few remarks on this for Hecke operators at primes i ^ p below; the action at p is similar. 
The statements analogous to Proposition 12.191 that are needed follow from Proposition 14.71 

For the Hecke actions ai i ^ p, let us momentarily introduce the tame level into our notation, 
writing ^ sheaf on Xy,^Kp C ^Ko{p)kp- The construction of Hecke operators is then 

immediate from the following proposition. 


Proposition 2.19. (1) For any g G G'(Aj) with g : X^^kp ^w,g-^KPg associated isomor¬ 

phism of Shimura curves, there is a canonical isomorphism g*u}y ^ g-^KPg ~ '^Uw kp- 
(2) For any inclusion C Kf of tame levels with -it : X^ j^p — X^ j^p the associated finite 
etale projection of Shimura curves, there is a canonical isomorphism 


I^P — i^P 

U,w,K 2 U.111.Kir 


U,w,KP 


TT^ p 

w.KK 


In particular there is a canonical Opc: ^p-linear trace map 


^*^U,w,KP ^U,w,KP 


Proof. (1) follows immediately from the definition of the sheaves together with the fact that g*^ = 3 ; 
the latter follows from [Sch4[ Theorem IV.l.l(iv)]. 

For (2) we consider the pullback diagram 


‘^oo,w,K2 ^ ^w,K2 


X 


91 








of adic spaces. Given a rational subset U C X.^ j^p, we then have 

Ofe-ViH) = 0{7^^qpU) 

- 0{qpU)®o{U)0{^~^U) 

^ 0{qpU)®o{U)0{7:-^U) 

where in the final line we use the fact that 0{'k~^U) is a finite projective 0([/)-Banach module. 
Applying —®Au and making use of Lemma 16.71 we get a canonical isomorphism 

0{qp'n:pU)®Au = {0{qpU)®Au) ®o(U) 0{'n~^U). 

Since = 3 , this isomorphism is equivariant for the xw-twisted action of Kq{p). Passing to Kq{p)- 
invariants for the twisted action, the left-hand side then becomes ^kp{7: W) = 

while the right-hand side becomes y, j^p{U) ®o(U) j^p )i^)j so (2) follows. □ 










OVERCONVERGENT MODULAR FORMS AND PERFECTOID SHIMURA CURVES 


19 


We now define our spaces of overconvergent modular forms. 

Definition 2.20. Let lA he a weight and let w € Q>o be such that w > 1 + su- 

(1) We define the space of w-overconvergent modular forms of weight lA by 

(2) We define the space of overconvergent modular forms ^ of weight lA by 

Ml = \i^Ml^. 

W 

The spaces M\^ are Qp-Banach spaces, and mI is an LB-space. Using the functoriality of 
one may define Hecke operators on mI ^ in the same way that we did for 

Remark 2.21. The reason we have formulated the definition in this way is because it fits naturally 
with our discussion of the overconvergent Eichler-Shimura map in 00 It would be more fitting 
with our desire to he “explicit” to consider the space 

where lA + 2 is the weight {Ru,z i-A Xu{z)z^). Note that this shift by 2 is forced upon us by our 
convention to associate A: € Z with the character z i-A z^~‘^. Since io is trivialized over Woo,w by 
5 one sees that ^1^2 w — ^l w Kodaira-Spencer isomorphism = uj"^ we then 

have that w ^_|_2 w — ^l w • Thus the two definitions give the same spaces. However, it 

is well known that the Kodaira-Spencer isomorphism fails to be equivariant for the natural Hecke 
actions on both sides. Indeed it is customary in the theory of modular forms to renormalize the 
natural Hecke action on by multiplying Tg by I.~^ (more precisely one multiplies the action of 
any double coset by det~^j. The Kodaira-Spencer isomorphism is then Hecke-equivariant. Thus, by 
defining mI ^ the way we have we can use the natural Hecke actions; there is no need to normalize. 

For a discussion of how the normalized Hecke action on corresponds to the natural Hecke 
action on ®Ox [FCl p. 257-258]. 

2.6. Locally projective of rank one. In this subsection we prove that is locally projective 
of rank one as a sheaf of OA’,i,®^w-iiiodules. 

First we prove a general lemma. Let be a uniform Qp-Banach algebra equipped with an action 
of a profinite group G by continuous homomorphisms. Let A = A^. We record the following easy 
facts: 

Proposition 2.22. A is a closed subalgebra of A^o, hence carries an induced structure of a uniform 
Qp-Banach algebra, and A° = 

We then have: 

Lemma 2.23. Keep the above notations and assumptions. 

(1) Let M be any profinite flat Zp-module (in particular M could be a small Zp-algebra). We 
equip M with the trivial G-action. Then (Aoo'SiM)^ = A®M. 

(2) Let V be a Banach space over Qp (in particular V could be a reduced affinoid Qp-algebra 
topologically of finite type). Equip V with the trivial G-action. Then (Aoo<8iQp U)G = 


20 


PRZEMYSLAW CHOJECKI, DAVID HANSEN AND CHRISTIAN JOHANSSON 


Proof. To prove (1), we choose a pseudobasis (ej)jg/ of M and follow the computation in Proposition 
16.41 to see that the natural map A°®M A°^^M is the inclusion 

ie/ i&I 

with the action of G on the right hand side being coordinate-wise. Thus the natural map A^M —>■ 
Aoo®M is the inclusion of bounded sequences in A indexed by I into bounded sequences in A^o 
indexed by I, with the G-action on the latter being coordinate-wise. The desired statement now 
follows from the definition of A as A^. 

The proof of (2) is similar, using an orthonormal basis instead of a pseudobasis. □ 


We record the following fact, which is certainly implicit in [Sch3| (our main reason for recording 
it is that some assumption on the sheaf J- seems to be needed). 

Lemma 2.24. Let Y be a rigid analytic variety, let G be a pro finite group and assume that 
Yoo G b^proet is a Galois G-cover of Y. Let U G Tp^oet quasicompact and quasiseparated and 
set Uoo ■= U Xy Yoo; this is a Galois G-cover of U. Let F be a sheaf on Tproet that comes via 
pullback from Tet- Then F{U) = F{Uoo)^■ 


Proof. Recall that, by the definitions, we may find a system of open normal subgroups Gj of G such 
that G = ^m ^. GjGj, and a compatible system of Galois G/Gj-covers Yj ofY such that Wo = ^m ^. Yj 
is a pro-etale presentation. Pick a pro-etale presentation U = ^m . Up, we get Uoo = ^m . .Ui XyYj. 
Note that Uoo is quasicompact and quasiseparated by |Sch3l Proposition 3.12(v)]. We may then 
compute 


G 


F{Uoof = (limW(WxyW) 




= \\^{F{UiXYYjf) 




= \]^F{Ui) = F{U). 
id 


Here we have used Sch3[ Lemma 3.16] for the first and fourth equality and that U Xy Yj —>■ Ui 


is a Galois G/Gj-cover for the third equality. For the second equality we use that F{Ui XyYj) 
FiUii Xy Yji) is injective for large enough i, since Ui/ Xy Yji —)• U Xy Yj is an etale cover for large 
enough i (by the definition of a pro-etale presentation), and that direct limits commute with taking 
invariants if the maps in the direct system are eventually injective. □ 


Remark 2.25. An elaboration of this argument allows one to deduce the full “Cartan-Leray spectral 
sequence” 

El^ = Hl^fiG,H^{Uoo,F)) H’P+<i{U,F) 

from the Cech-to-derived functor spectral sequence, under the same assumptions on U and F (here 
TP^iUoo,F) is given the discrete topology). This is implicit in [S^ and used repeatedly there 
(though it should he noted that it is the Cech-to-derived functor spectral sequence itself that is 
referred to as the Cartan-Leray spectral sequence in [S^ . following SGA 4)- 

Lemma 2.26. Let Kp C GL 2 (Zp) be an open compact subgroup and let U C Fxp be an open subset. 
Put Uoo = qfiliU) C T’oo. Then 0+^^{U) = O+jUoo)^^, and hence Ox^^iU) = Ox^{Uoo)^^. 
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Proof. We work on the pro-etale site of We may assume that U is quasicompact; the general 
case follows by gluing. Uoo U is a perfectoid object of ^Kp,pmet which is Galois with group Kp, 
and Lemma [2.241 implies that /p^){U) = /p^){Uoo)^^ for all m. Taking the inverse 

limit we get, by definition, that {U) = (Uoo)^’’- By [Sch3l Corollary 6.19] we have 

OxKp{U) = ^XKp{U)- It then follows from [Sch3l Lemma 4.2(ii),(v)] that (U) = (U), 

which finishes the proof (note that (Uoo) = 0'^^{Uoo) )• D 

Now let U C Xpj be any rational subset, Un its preimage in Xx{p^) and put Uoo = Q~^{U) T Xoo^w 
Note that Un ^ U is finite etale and so O^jfi^pn^iUn) is a finite projective 0;t’(t^)-Riodule since 
Ox{U) is Noetherian. Suppose that uj\u is free, and choose a nowhere vanishing section (i.e. 
generator) rjjj G H^{U,uj). Define tu G Ox^{Uoo) by the equality 

5 = tu ■ q*vu- 

Proposition 2.27. We have 'y*tu = (63 + d)tu for any 7 G Ko{p), and tu is a unit. Furthermore, 
for any m G Z>i we may choose some large n = n{m) and elements 

tW e i+p^o+JUool 

Su,n G OxK(pn){UnV ■, 

such that tu = t^^su,n- 

Proof. Since neither s nor q*r]u vanish, tjj is a unit, and 

(63 + d)tuq*r]u = (63 + d)5 = j*5 = {'y*tu)q*'nu 

since 'y*q*r]u = q*r]ij, hence 'y*tu = (63 + d)tu. For the second sentence, first choose M,N G Z>o 
such that Ip^I < \p^tu\ < 1 (possible by quasicompactness of Uoo and invertibility of tjj). Since 

{Un))^ (p-adic completion) we may find an n = n{m) and s G ^ (Un) 

such that p^tij — s € p^^'^0'^^{Uoo). Then we set su,n = p~^s and = tu/sjj,n and these do 
the job. □ 

This has several consequences - in particular, since sjj^n is fixed by K{p^) and t^'^ is p-adically 
close to 1 , the element Xu{t^u^) € (C^A'oo(I^oo)<S)^w)^ is well-defined (for m large enough) and 
satisfies 7*(xw(f[7^)) = Xw (&3 + d)xu{tij^) for all 7 G K{p^). Recall that 

■= {/ ^ Ox,,^{Uoo)®Au I 7*/ = Xu{bl + d)~^f'ix G Kq(j>)] . 

Thus, given any / G w^^^(D), the element /•Xw(t[7^) G Ox,^ {Uoo)®Au lies in (O^^ (Doo)®^w)^^^"\ 
which is equal to OXj^(^pn){Un)®Ai( by Lemma [2.231 and Lemma [2.261 

Furthermore, for any 7 G Gn ■= Kq{p)/K{ p'^), we have 
7 *(/ • Xu{tP)) = 


■ f ■ XU 

/ 7 * 4 "^ 


Xu{bd + d) ^ 

f ■ Xw(t4 

f-xuit^u\ _ 

\TSU,n 

f ■ Xu{tu^) ■ Xu{ju,ni'y))~^ 


Xu 


Xu 


(63 + d)tlj 

SU,n 


(n) 
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where jc/,n is the cocycle 

juAl)--Gn ^ 


7 I-A 


7 

SU,n 


In summary, we find that the map /•—>■/• defines an Ox{U)-module isomorphism of 

onto the subspace of functions /o € fixed by the twisted action 

1 ■ Gxii(^pn)iUn)0Au OxK(^pr^){Un)®Ai( 

fo xuijuAl)) ■ 1*fo 

of Gn- Since Gn is a finite group, the usual idempotent 

1 


— 


\Gr, 


X] xuUuAi)) S 


'yGGn 


in the group algebra {Cxj^^^n) {Un)®Aii) [Gn] defines an Ox{U)®Aii-mo(i\i\e splitting of the inclusion 
C OxK(^pn){Un)^Ai{. This realizes ^{U) as a direct summand of a finite projective 

Ox{U)®AK-modv\e^ and therefore is finite projective over Ox{U)(^Ai( as desired. We 

may now prove the main result of this section: 


Theorem 2.28. We have ojy n} = Loc(a;^ ® finite projective Ox{Ww)®Ay- 

module of rank 1. Moreover, uiy e7a/e locally free. 


Proof. To prove that ijJy ii' i® locally projective of finite rank it suffices, 

by Theorem 16.201 to prove that ^ is a coherent 0;t’®^2/-inodule (it is then locally projective 
by the above). To do this, we work locally using the U above. We wish to show that for V C, U 
(without loss of generality assume V rational) the natural map 

{Ox{V)‘SiAy) ®{Ox{U)®Au) -A 

is an isomorphism. To see this, note that by applying Lemma 16.71 twice the natural map 

{Ox{V)®Ay) ®[Ox{U)®Au) {G>Xii(pr^){Un)®Ay) -A OXJi^^r^){yn)®Ay 

is an isomorphism (note that Ox{V) ®Ox{U) (Cl'n) = C)A^(pn)(14))- This isomorphism 

matches up the idempotents on both sides, giving us the desired isomorphism. To prove that the 
rank is one note that Ox{U) -A Oxj^^pn^{Un) is Galois with group Gn and by applying Lemma [6171 
twice we may deduce that Ox{U)®Ay -A Oxj^^pn) (Gn)^Ay is also Galois with group Gn- Moreover, 

the twisted action whose invariants give ^(L^) is a Galois descent datum, so we see that 

is the descent of a rank 1 free module, hence rank 1 projective as desired. Finally, note that this 

also proves that ujy^w becomes trivial over 14 , which gives the final statement of the theorem. □ 


The techniques of this proof also yield the following result. 


Lemma 2.29. Let U = {Ay,xu) « weight, and let i : Ay -A Az he a surjection such that 
Z = {Az,Xz = i o Xu) is also a weight and such that ker(i) is generated hy a regular element 
X G Ay. Then we have a natural exact sequence of sheaves 


CO, 


U,w 


CO, 


U,w 


CO 


Z,W 
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on Xu], and an exact sequence of global sections 


Proof. There is certainly a (not necessarily exact) sequence of sheaves 


0 . 


0 


u- 


t 

U.w 


UJ; 


t 


'^U,w ‘^Z,w 

and we check exactness of this sequence on a basis of suitably small open subsets U C Xy^ as in the 
proof of Theorem 12.281 By assumption we have a short exact sequence 


t 


0 , 


0 — 7 > All 4 An Az 0 

of Aj^-modules. Tensoring this sequence over Ay with An^Oxi^f^pn^iUn), we obtain by the flatness 
of Aii®Oxj^(j,n){Un) over Ay (proved in the same way as Lemma r6.13f 2il a short exact sequence 


0 {Un) An®Oxi^(^pn) iJJn) —> Az^Ox^pTi) iJJn) —^ 0 . 

Applying the idempotent Cn as above gives a short exact sequence 

as desired. 

Taking cohomology, we note that H^{Xy,.,ujy = 0 by Theorem 12.281 and Proposition 16.161 and 
the lemma follows. □ 


2.7. Comparison with other definitions of overconvergent modular forms. In this section 
we take V = (5'v,yv) to be an open affinoid weight, and we will compare our definition of 
overconvergent modular forms of weight V with those in the literature (all known to be equivalent). 
More specifically we will compare it to that of [Pilj . trivially modified to our compact Shimura 
curves. 

We now recall the definition of the ’’Pilloni torsor”. This is the object denoted by in m but 
we will use the notation T(n, v). For any n > 1 and any v < T(n, v) is a rigid space equipped 
with a smooth surjective morphism pr : F(n,v) —>■ X(v), where X{v) C A is the locus where the 
Hodge height is < v. For any point x € X{v){C,Oc), the (C, Oc')-points in the fiber pr“^(x) 
consists of the differentials r] G ujg^ that reduce to an element in the image of the Hodge-Tate map 
(77)^)®®“ —)• where Hn is the canonical subgroup of G of level n and C denotes 

the subset of generators. The set pr“^(x) is a torsor for the group Zp (1 +p"' p-^ Oc), and 

we think of T{n,v) as an open subspace of T, where T is the total space of (here 

0 : X[v) ^ is the zero section; this is a line bundle on X{v)). We remark that the canonical 

action of Zp on T preserves T{n,v) (as should be clear from the description of the fibres above). 
This induces an action on functions. 

If we fix re = n — then X(v} C Xy,] this follows for example from [AIPl Proposition 

3.2.1]. We will compare our construction of rc-overconvergent modular forms over X{v) to the 
notion defined in m- For the purpose of the comparison, a Pilloni form of weight V over a quasi¬ 
compact open U C X{v) is defined to be an element f G Clr(n,i;)(pr~^(f^))®Qp'S'v (be a function on 
pr“^(t/) X V C T(n, u) X W. Here we abuse notation and write V also for the image of the natural 
map into W induced by V) such that z.f = for all z GZp. 

Now fix t/ C X{v) as used in the previous section, such that we have a nowhere vanishing 
r]u G io{U). We freely use the notation of the previous section with one exception: we use r instead 
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of the already used letter n. Thus we have functions G 1+p'^O^^ (C4o) and su,r € {Ur)^ 

such that 

, (r) 

S = tysu,rVU- 

Let Tu,r{n,v) = T{n,v) Xu Ur- It is an open subset of Tu,r '■= T Xu Ur- It inherits commuting 
actions of := Kq{p)/K{p'^) and . 

Lemma 2.30. Assume that m>n and r >n- Then su,rhu trivializes Tu,r{n,v)- 

Proof- We think of sjj^rVu as a section Ur Tu,r and we wish to show that the image lands inside 
Tu,r{n,v), for which it is enough to argue on geometric points. Take a (C, Oc')-point x and lift it 
to a {C, Oc')-point x of Atoo- Then we see that 

{su,rriu){x) = i{tP)~^5){x)- 

If X = (A, a) G y^K(p'-) ® ~ “)• Then s{A, a) = HT^(Q;(e 2 )) by definition and this maps 

to a generator of via the canonical map = G\p'^]^ —> so 5{A,a) lies in the fibre of 

Tu,r{n, v) over {A, a)- This proves that s(x) lies in the fibre of Tu,r{n, v) over x for all x. The result 
follows since tfj' is small. □ 

The assumption m> n and r > n will be in force throughout the rest of this section so that the 
Lemma applies. Recall what we proved in the process of proving Theorem 12.281 rc-overconvergent 
modular forms / of weight V over U identifies, via the map f fo ■= Xvi^u^)/^ with functions 
/o G GA(p'-)(^^r)®Qp5'v such that 

7*/o = Xv(il/,r(7))”Vo 

for all j & Gr- 

Proposition 2.31. (1) The space of Pilloni forms of weight V over U is isomorphic, via 

pullback, to the space of functions g on Tu,r{n,v) x V such that z.g = Xv{z)~^E, for all 
2 G Zp and j*g = g for all j € Gr- 

(2) The space of w-overconvergent modular forms of weight V over U is isomorphic to the 
space of functions go on Tu,r{n,v) x V such that z-go = go for all z G Z^ and ^*90 = 
Xv{ju,ri7))~^9o for all 7 G Gr- The isomorphism is the map f fo above composed with 
pullback from Ur x V to Tu^r{n,v) x V- 

Proof- (1) follows from the fact that pr~^(C/) x V is the quotient of Tu^r{n, u) x V by Gr- The proof 
of (2) is a similar descent. □ 

To identify the two spaces, it remains to go from one kind of function on 7ij^rin,w) x V to the 
other. The key lies in trivializing the cocycle Xv{ju,ri'l))- Note that su,r'nu^ as a nowhere vanishing 
section of Tu,r also canonically defines a function on 7[/,r minus the zero section which we will 
denote by {su,rVu)'^- The same applies to rju itself and we have {su,rVu)'^ = ^u^Vu- ^7 restriction 
we obtain functions on Tu,rin,v)- 

Lemma 2.32. {su^rhuY € Z^ .(1 + ^{Tu,r{n,v)))- 

Proof- This follows directly from Lemma 12.301 □ 

This implies that we may apply xv to {su,r'nuY■, and we may therefore define a Ox(v){U)^QpSp- 
module isomorphism 

^ ■ ^Tu,r(Tu,r{n,v))iS>QpS\; ^ Oru^^{Tu,r{ri,v))0QpSp 

which is simply multiplication by Xv{{su,rriuY)'- 

^{h) = Xv{{su,rVuY)h- 






OVERCONVERGENT MODULAR FORMS AND PERFECTOID SHIMURA CURVES 


25 


Theorem 2.33. The image of the space of functions in part (1) of Provosition \2.3l\ under is 
the space of functions in part (2) of Provosition Moreover, the induced isomorphism between 

the space of w-overconvergent modular forms of weight V over U and the space of Pilloni forms 
of weight V over U is independent of all choices and hence the isomorphisms for varying U glue 
together to an isomorphism of sheaves over 


Proof. For the first part, the key thing to notice is that 


juA'y) 


{su,r'nuA 

l*{su,rr}uY 


and hence that 

, ^ Xv{'y*{su,rVuA 

Xviisu,rVur) ■ 

The rest is then a straightforward computation. For the second part we remark that the composite 
isomorphism from tc-overconvergent modular forms to Pilloni forms is given by 



f ^ Xv{tP)Xv{{su,rVuA) V 

and then descending the right hand side to pr“^(17) x V. Morally, the right hand side is equal to 
(recall that su^rVu = -s) and hence independent of the choices made. To turn this 
into a rigorous argument is straightforward but tedious and notationally cumbersome. We leave 
the details to the interested reader. □ 


3 . OVERCONVERGENT MODULAR SYMBOLS 


We will recall some material on overconvergent modular symbols in the form we need. Most 
of these constructions are probably well known with the exception of certain filtrations defined in 
[Han2j . 

3.1. Basic definitions and the filtrations. Let A® be the affinoid ring over Qp defined by 

= {/ : Zp ^ Qp I / analytic on each p'^Zp — coset}. 

We let A^’° denote the subring of powerbounded elements of A'^. Given a weight lA, consider the 
module 


A^° = A^’°C 


ip^lt 


where the completion is the p-adic completion. Recall the Amice basis (e})j>o of A®’° from Theorem 
12.51 Using it we may write Aff as 


AS° = © 


and hence view elements of A^° as functions Zp 


J>0 

AO 

Al? 




For any s > su and any d € Z^ , c € pZp, 
X I—>■ xu{cx + d) defines an element of A^° (by calculations very similar to those in the proof of 
Proposition 12.6p . and we then consider A^° endowed with the right Ao(p)-action 

ax + 6 ' 


(/ -u x){x) =Xu{cx + d)f 


cx + d 


one checks without too much trouble that f -u 1 ^ ~ Homyi^(Aj Au) and 

— D^°[|], with the dual left action. It is the continuous Au[^]-d.\xa\. of the A 2 ./[|]-Banach 
module Ay := A^°[i]. Note that 


Df 


D^° = Hom^^(A*-°,A; 


U) 
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The Amice basis gives an orthonormal A2/[|]-basis of and induces an isomorphism 

j>0 

given by 

// HA 

Proposition 3.1. Let U = {Ru,Xu) be a small weight and let s>l + su- 

(1) D^° admits a decreasing A.q{p)- stable filtration by sub-Ru-modules 

D^° = Fil°D^° D Fil^D^° D • • • D FiPD^° D • • • 

such that each quotient D^°/Fil^D^° is a finite abelian group of exponent p^, the group 
A:(p*+^) acts trivially on D^7Fil*=D^°, and D^° ^ Ihn^ D^7Fil*=D^°. 

(2) with the topology induced by the submodules (Fil^D^°)fc>o, is a profinite flat Zp- 
module. 


Proof. We will only recall how the filtrations are constructed and refer to |Han2[ §2.2] for the 
details (note that (2) is a consequence of (1)). The module Fil^D^° is defined to be the kernel of 
the natural map 


D 


u 


D 


S—1,0 

U 


/af.D 


S—1,0 

U ’ 


where we recall that an is our fixed choice of ideal of definition for the profinite topology on Ru. 


□ 


Let A: > 2 be an integer and let A be a ring. We let ..54 (A) denote the module of polynomials 
with left M 2 (A)-action 

(s p)m = (d+Av ’ 

and set in particular .54 = -S4(Qp) and .54° = .54(^p)- By direct calculation, the map 

^ . 54 ° 

/i i-A J{1-\-Xp{x) = 

= g( "t 2)7x7^^' 

i=o V / 

is Ao(p)-equivariant. 

Definition 3.2. The integration map in weight k, denoted ik, is the AQ{p)-equivariant map ik : 
D^° j54° defined by ik = Pkoc^k- 

3.2. Slope decompositions. We will recall material from [AS] and [Hanlj in order to define slope 
decompositions on the spaces of overconvergent modular symbols that we are interested in. We 
will mildly abuse notation by writing X{C) for the complex Shimura curve of level K := K^Kq{p) 
(viewed as a Riemann surface). Any Aro(p)-module M defines a local system on A(C) which we 
will also denote by M. If M in addition is a Ao(p)-module then we get induced Hecke actions as 
well. The spaces of overconvergent modular symbols that we are interested in are 


i/i(A(C),D^) 

for open weights lA. We will give these spaces slope decompositions using the methods of [Hanlj . 
Almost everything goes through verbatim and we will content ourselves with a brief discussion. 
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Throughout this section, h will denote a non-negative rational number. For definitions and gener¬ 
alities on slope decompositions that we will use we refer to |JN[ §2.2] (we remark that the notion 
introduced in ESI §4] needs slight tweaking for the purpose of constructing the whole eigencurve, 
as opposed to just local pieces). 

Let us start by recalling the general setup from [Han 11 §2.1]. We have the functorial adelic 
(co)chain complexes —) and C*^{K, —) whose (co)homology functorially computes homology 

and cohomology of local systems attached to Ao(p)-modules, respectively. Fix once and for all a 
choice of triangulation of A(C). This choice gives us functorial complexes C,{K, — ) and C*{K, — ), 
called Borel-Serre complexes, which are chain homotopic to —) and —) respectively. 

We fix such a chain homotopy once and for all. The key features of the Borel-Serre complexes are 
that there are non-negative integers r{i) such that r{i) = 0 for f < 0 and for i sufficiently large, 
and such that for any i?[Ao(p)]-module M (where R is any commutative ring), 

Ci{K,M) ^ 

functorially as i?-modules (and similarly for C*{K, —), with the same integers r{i)). Therefore the 
total complex 0-C'j(Lf,M) inherits properties of M, such as being Banach if i? is a Qp-Banach 
algebra (and also orthonormalizability). In this case, we have a canonical and functorial topological 
duality isomorphism 

C‘{K, RomnMM, P)) = RomR,,ts{C,{K, M), P) 
where M and P are Banach i?-modules. 

We now follow [Han 11 §3.1] using the orthonormalizable H 2 ./[|]-module A^, where U = {Au,xu) 
is an open weight. Our Hp-operator is given by the double coset Aq( p) (^ °) Aq( p) and the 
formalism gives us lifts to our Borel-Serre complexes that we denote by U. We note that U G 
A^)) is compact and we denote its Fredholm determinant by Fu{X) G ^w[|][[A]]. 

The proof of [Hanli Proposition 3.1.1] goes through for small weights to show that this definition is 
independent of s. Thus the existence of a slope < /i-decomposition of C,{K, A^) is equivalent to the 
existence of a slope < /i-factorization of Fi({X). If V is another open weight with then 

the relation Ay = A^(8)^^jijAv[|] implies that the Fy glue to a power series F{X) G 0^(W)[[X]]. 

Also [Hanli Proposition 3.1.2] goes through in this more general setting: the slope < h-subcomplex 
(^.(A, A^)</j of C,{K,Alf) is independent of s (if it exists) and if C then we have a 
canonical isomorphism 



We say that {U, h) is a slope datum if C,{K, A^) has a slope < /i-decomposition or equivalently 
if Fy has a slope < /i-factorization. We have the following version of [Hanli Proposition 3.1.3]: 

Proposition 3.3. Assume that ilA,h) is a slope datum and that V = (5'v,Xv) Is an open affinoid 
weight with V C Then there is a canonical isomorphism 

H,{X{C),Afj)<h = A,(A(C), A^)</, 

for any s > sy. 

Proof. When Li is affinoid this is exactly [Hanli Proposition 3.1.3], so assume without loss of 
generality that U = {Ay,xu) is small. The same proof will go through if we can verify that 
Ay[^\ —)■ 5v is flat. This is standard. One proof goes as follows: Consider the adic space 
Spa.{Ay,Ay) and pick a rational subset V in its generic fibre which contains V. Then 0(V) —>■ 5v 
is flat since it corresponds to an open immersion of affinoids in rigid geometry, and Ay —)• 0{V) is 
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flat since it is a rational localization in the theory of adic spaces when the rings of definition are 
Noetherian. □ 

We may then give the analogue of the above proposition for (cf. [Hanll Propo¬ 

sition 3.1.5]). 

Proposition 3.4. Assume that {U, h) is a slope datum. Then C*{K, D^), and hence H*{X{C),Y)y), 
admit slope < h-decompositions. If furthermore V C is an open affinoid weight, then there are 
canonical isomorphisms 

and 

H*{X{C),T>l,)<h Sv = 

Proof Using the duality C‘{K, D^) = Hom^^ji]_^^^(C,(W, A^), Au[^]) and the flatness of Au[^] 

S\? the proof of [Hanll Proposition 3.1.5] goes through verbatim. □ 

4. Sheaves on the pro-etale site 

In the next two sections we will often consider Shimura curves over Cp as well as Qp. Any rigid 
analytic variety we have defined may be base changed from Qp to Cp, and we will denote this base 
change by a subscript —Cpj e.g. Acp. The space may be considered as an object of T’proet 
using the pro-etale presentation = lim^ where K/Qp is finite and A^- denotes the base 
change of A to K. Note that the slice Aproet/Tcp is equivalent to Acp,proet as sites (use |Sch3[ 
Proposition 3.15] and [Schli Proposition 7.4]). We define Ax, := Ijm^^ Xqq.k (with K as above) 
where the inverse limit is taken in the category of perfectoid spaces. Equivalently, we may define 
it as (the perfectoid space corresponding to) the perfectoid object ijm^^ Xqq.k in Tproet; it lives in 
•Tproet/Tcp = Acp,proet- Similar remarks apply to A^,, Aoo,«, et cetera. 

4.1. A handy lemma. Let A be a rigid analytic variety over Spa(Qp,Zp), G a profinite group, 
and Xoo a perfectoid space with Xq^ X a pro-etale G-covering of X, i.e. X^o ~ inn. Xj where 
(A, )j£j is an inverse system of rigid analytic varieties finite etale over A equipped with a right 
action of G, such that each Xj ^ A is a finite etale G/Gj-covering for Gj C G a cohnal sequence 
of normal open subgroups. We can and often will view X^o as an object in the pro-etale site of A. 
Let AI be a profinite flat Zp-module equipped with a continuous left G-action. Define a sheaf on 
the pro-etale site of A by 

{M®Ox){V) = {M®dx{V XX Aoo))^ , 

where U is a qcqs object in Aproet- Here the right action of G on the tower (Aj)j induces a left 
action on Gjv(Uoo), and the action indicated is the diagonal left action g ■ {m® f) = gm ® g*f. 

Lemma 4.1. Given any presentation M = ^m . Mj, Mi = M/Ii as in DeRnition \6.3\ with each f 
preserved by G, the sheaf M®Ox coincides with the sheaf 

i 

where Mi is the locally constant sheaf on A^t associated with Mi, and we recall that v : Apj-oet ^et 
is the canonical morphism of sites. 
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Proof. We may check this on affinoid perfectoid V E -^proet since these form a basis of Xproet (and 
are qcqs). Set Voo = V Xx Xoo, this is also affinoid perfectoid (see e.g. the proof of |Sch3l Lemma 
4.6]). Each Mj is finite abelian group of p-power exponent. The key observation is then that there 
is an almost equality 



iiy*Mi 0Z, 0+){Voo) 


using [Sch3[ Lemma 4.10]. Taking G-invariants we see that, since Voo —> E is a G-cover, 


(m, d+(Voo)y =“ (iy*Mi 0+)(V) 


by Lemma [2.241 Now take inverse limits and invert p, and use that these operations commute with 
taking G-invariants. □ 


4.2. Sheaves of overconvergent distributions. We introduce certain pro-etale sheaves that 
compute overconvergent modular symbols and carry a Galois action. When L is a locally constant 
constructible sheaf on the etale site of a rigid analytic variety, we may pull it back to a sheaf u*L on 
the pro-etale site. We will often abuse notation and denote u*L by L as well; by |Sch3[ Corollary 
3.17] there is little harm in this. For the rest of this section we will let Z7 = (Ru^Xu) be a small 
weight. Note that the LCq( 7 ')-™odules D^°/Fil^D^° define locally constant constructible sheaves 
on the etale site 


Definition 4.2. Let U be a small weight and let s > 1 + sy. Set 

= limi7i,(Tc„D^7Fil^D^°) 




S,ON 

u ) 


and 



We also define = V^°[|] and 

These objects carry natural global Galois actions. We have the following comparison: 
Proposition 4.3. There is a canonical Hecke-equivariant isomorphism = 77^(X(C),D^). 


Proof. Artin’s comparison theorem between etale and singular cohomology gives us canonical Hecke- 
equivariant isomorphisms 


iLit(d:'c„D^7Fil"D^° 


) ^ 777A:(C),D^7Fil^Df’°' 


'u 


for all k. Now take inverse limits and invert p. For this to do the job we need to be able to commute 
the inverse limit and the on the right hand side. But we may do this since the relevant higher 
inverse limits vanish, by finiteness of D^°/Fil^D^° and by applying [Sch3[ Lemma 3.18]. □ 


We now introduce a sheaf on Alproet that computes overconvergent modular symbols. 

Proposition 4.4. Let U he a small weight. There is a canonical Hecke- and Galois-equivariant 
isomorphism 

V7c, = ^proet(-^C„OD^) 
where GD^ is the sheaf on Aproet defined by 
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Proof. By [Sch3[ Theorem 5.1]), we have an almost isomorphism 


<oet(‘^c„D^7Fil^D^°) Oc, ^ (D^VFil^D 






of Ocp-modules. Passing to the inverse limit over k, note that on one hand, the higher inverse limits 
of any D^7Fil^D^°) (g)^^ Oc^ vanish since D^7Fil^D^°) is finite (by the 

finiteness properties of Fil*D^°), thus Ff7oet('^Cp) (g)^^ Ocp satisfy the Mittag-Leffler 

condition. On the other hand the higher inverse limit 


R 


^((F>7 

k 


/Fil^D. 


S,0\ 

U ) 




vanishes for i > 0. This follows from |Sch3[ Lemma 3.18] upon noting that (in the notation of 
Lemma [TTl with X = Tc^, X^o = Xoo,Cp and G = Kq{p)) objects of the form I/qo give a basis of 
“Fcp.proet satisfying the hypotheses of that lemma. Thus we may commute the inverse limit with 
taking cohomology on the right hand side. Inverting p we get the result. □ 


Let V = ^m . Vj —T be a pro-etale presentation of an affinoid perfectoid object of Xpmet^ and 
let Voo = V Xx Xoo- This is still affinoid perfectoid and 14o —>■ P is pro-etale. The following is 
immediate from Lemma ST} 

Lemma 4.5. Let Li be a small weight. The sheaf ODy admits the following explieit description on 
qcqs V S Tproet • 

ouf,{v) = 

We remark that the sheaf Poo ®Ox{Voo) on Tproet/-^oo is Ao(p)-equivariant and the 

induced Hecke action on agrees with the natural action by correspondences. 


4.3. Completed sheaves of overconvergent modular forms. Let q : X^ ^ T be the natural 
projection as before. Recall that for any weight U and any tc > 1 -|- s^j we have the sheaf u)y ^ of 
overconvergent modular forms of weight lA on the analytic site of whose sections over a rational 
subset U C Xw are given by 

= {/ ^ Ox^{Uoo)®Au 1 77 = Tw(^3 + d)"7 Vy G Kq{p)] ■ 

We may similarly define a sheaf ^ on the analytic site of Tu),Cp by 

= {/ G Ox^,c,iUoo)0Au 1 77 = xuibi + 7"V Vy G Ko{p)] 

with U C Xuj^Cp quasi-compact. We now define completed versions of these sheaves. 

Definition 4.6. We define a sheaf Qh on Tu,,proet by 

= {f ^ Ox^{Voo)®Au 1 77 = Xuibi + d)~^f Vy E iFo(7} > 

where V E <Tii,,proet is qcqs and Poo = P Xa™ Xoo,w We let ^ Cp denote the restriction of Ldy ^ 
to the slice Tii;,proet/d^'UJ,Cp ~ dL^w;,Cp,proet' 

Let US write rj for the canonical morphism of sites from the etale site to the analytic site, and 
put \ = rj o u. 
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Proposition 4.7. There are canonical isomorphisms 

't ~ \ 


and 


^U,w — ^*^U,w ®Ox^®Au 
^U,w,Cp — ^*^U,w,Cp ®Au 


This has the following eonsequenees: 

(1) We have a eanonical isomorphism 

^U,w — ^*^U,w ®Ox^®Au 

and similarly for the Cp-sheaves, where we abuse the notation and write also for the 
etale sheaf rf ojy ^ ®q^ {Opc^ (where we have written out ”an” and ”et” for 

clarity). 

(2) uoh ^ 5 ^^ is the base change o/w^ ^ from to (see Lem.ma [6.21\) and hence ^ Cp ~ 

^‘^'^i^U,w,Cp (^'w,Cp )) • 

(3) We have a canonical isomorphism w Cp ~ w Cp 


^^'''*^ll,w,Cp - ^U,w,Cp '^^x^,Cp 


R j „„ in — ajj / V ^ £ ( ^)* 


Furthermore, ^ vanishes for i > 2. 


Proof. The isomorphisms are proven by repeating much of the proof of Theorem 12.281 (including 
the preliminary lemmas). We focus on the Qp-sheaves; the case of the Cp-sheaves is identical. Let 
V € T)„^proet be an affinoid perfectoid with image U in T)u and assume without loss of generality 
that U is a rational subset of and that uj\u is trivial. We use the notation of the proof of 
Theorem 12.281 freely. Arguing in the same way we obtain isomorphisms 

and 


(^*^u,w ®Ox,,§>Au (^a,„^Au))(V} = {dx,,{Un)®Au)^" ®dx.,,(u)®Au 

where Vn = Un y<u ^ and Gn acts by the twisted action /o i-a Xuiju,ni'y))'y* fo- Applying Lemma 
[Q twice one obtains a Gn-equivariant isomorphism 

Ox.^{Vn)®Au = {dx,,{Un)®Au) ®dx,,(u)®Au i^A,,{y)®Au). 

Taking invariants we obtain we desired isomorphism. 


Assertion (1) then follows by transitivity of pullbacks. To prove (2), first evaluate the isomorphism 
for cD^ ^ on f7 C Xy^^Cp to see that ojy ^ restricted to the analytic site of Xy,^Cp is the base change 

of and then restrict the second isomorphism to the analytic site of Xy,^Cp to get the first part 
(2). The second then follows from Lemma 16.211 


To prove (3) we apply the projection formula to the isomorphism in (1) to get 

^'‘^*^U,W,Cp — ^U,W,Cp 

and the result then follows from Corollary 16.91 


□ 
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Corollary 4.8. The Leray spectral sequence 

induees a eanonical Hecke- and Galois-equivariant isomorphism 

Rlroeti^w,Cp,<^U^ui,Cp) “ '^^x^,Cp ^^»,Cp)(“^) 

Proof. By Proposition 14.71 ^ is a locally projective (gi^ltY-module for all j and hence 

has no higher cohomology by (the etale version of) Proposition 16.151 Therefore the Leray spectral 
sequence degenerates at the £' 2 -page, giving us isomorphisms 

Rtt{^w,Cp:R^^*^U^w,Cp) — -^proet('^«’,Cp>^W,-u),Cp) 
for all j. Now apply Proposition 14.71 again. 


For Hecke-equivariance we focus on the Hecke operators away from p; the Hecke equivariance 
at p follows by the same arguments but is notationally slightly different. We will only check 
compatibility for the trace maps (compatibility for pullbacks follow from functoriality), and we put 
ourselves in the situation of Proposition 12.191 By the first isomorphisms in Proposition 14.71 the 
trace map t of Proposition 12.191 21 induces a trace map 

t'- /proet,*W^ ^U,w,Cp,Kl- 

We need to check that the diagram 


Rproet^^w,Cp,Kl ) ) 

t 

Rpvoet (,Cp. f ’ ,-u) ,Cp, Af ) 


H^i^w,Cp,KP:^lt^P,^Cp,KP ® 
^^i^w,Cp,KP,^ll^PP^Cp,Kf ® 


commutes, where the left hand vertical arrow is induced by i as in Lemma 14.91 2) and the right 
hand vertical arrow is induced by t in the obvious way. We do this in two steps. For the first step, 
we note that Lemma I4.9l 3) gives a commutative diagram 



For the second step, we claim that the diagram 


^^(^w,Cp,Kp R^’^*‘^l(^Pu,Cp,KP 


nt 


R^^*^U^y,^Cp,Kf 


U,w,(Lp,K2 

U,w,(Lp,K^ 


t 

^ll,w,Cp,K{ ® 


commutes, where the horizontal arrows are the isomorphisms of Proposition 14.71 3): this follows 
upon combining the first isomorphism of Proposition 14.71 the pullback-pushforward adjunction of 
V, and Lemma 14.101 □ 


Lemma 4.9. Let f : X be a finite etale morphism of rigid analytic varieties. 
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(1) The functor /pmet,* is exact. 

(2) Suppose we are given abelian sheaves T and Q on Xproet o,nd l^proet; respeetively, together 

with a “traee” map t : /proet,*-^ G of abelian sheaves on l"proet- Then t induces a 
canonieal map t : —)■ Hp^^^^.{Y,G) together with derived traee maps R^n^t : 

fet,*RFx,*F —>■ RdnY,*G of abelian sheaves on 

(3) The maps in (2) are compatible with the Grothendieck spectral sequences for -RFproet = 
-RF^t o Ru*, i.e. the maps t and RV*t fit into compatible morphisms 

W Uft t 

of pro-etale cohomology groups and of the spectral sequences computing them. 

Proof. To prove right-exactness of /proet,* we need to check that it preserves surjections. For this 
we may work etale locally on T, so we may pick an etale cover which splits / and the assertion is 
then trivial. 

For (2) and (3), we argue as follows. By (1), the Leray spectral sequence gives an isomorphism 
^proet(^>-^) - -f^proet(^>/proet,*-^), SO Composing this with the evident map iFpro,§t(^>/proet,*-^) 
-^proet(^! gives the claimed map on pro-etale cohomology. On the other hand, a direct calculation 
gives a natural isomorphism f 4 ^t,Fx,* — uy,*/proet,* as functors Sh(Xpi.oet) Sh(y^t)- Indeed, both 
functors send a sheaf F to the sheaf associated with the presheaf U i—>■ F{U XyX) (where U XyX is 
regarded as an element of Xproet)- Since all these functors preserve injectives, we may pass to total 
derived functors, getting R/et,*Rux,* — Ruy*R/proet,* as functors R>'''(Sh(Xproet)) R^(Sh(y^t))- 
Since /proet,* and fet,* are both exact functors, this becomes /et,*Rux,* — Ruy,*/proet,*- Applying 
this to F and composing with the evident map Ruy^*/proet,*-R Rvy,*G induced by t gives a map 
RvR : fet^*Rvx,*F Rv'y,*G, and we obtain the maps RV*t upon passing to cohomology sheaves. 
Finally, (3) follows by applying RFy^,§t to the map Ru*t, in combination with the isomorphism 
RFx,etRux,* = RFy,et/et,*Rux,*- □ 

Lemma 4.10. Maintain the setup of the previous lemma, and suppose X and Y are smooth and are 
defined over a complete algebraically closed extension C/Qp. Take F = Ox and G = Oy, and let t 
be the natural Oy-linear trace map tr : fproet,*Ox Oy. Then RV*tr : fet,*R''^x,*Ox R^vy^^Oy 
coincides with the composite map 

fet,*R^l^X,*dx = fet,*Gl),{-i) ^ nU-i) fet,*Ox n\.i-i) ^ RFy^^^dy. 

Proof. This follows from a careful reading of the proof of Lemma 3.24 of [Sch2] . Let us give a very 
brief outline of the argument. One considers a short exact sequence Sx 

0 ^ Zp(l) ^\^0^ ^ O^ ^ 0 

xp 

as in Lemma 3.24 of [Sch2| . We have also an analogous short exact sequence Sy on Y and a norm 
™ap fproet,*Sx —>■ Sy on Fproet- To both Sx and Sy we can associate commutative diagrams as 
in [Sch2[ Lemma 3.24] and one shows that they fit together into a commutative cube. Chasing 
through this cube gives us a lemma for i = 1. The general case follows from this as in [Sch2[ 
Proposition 3.23] by taking exterior products. □ 
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4.4. The overconvergent Eichler-Shimura map. Working with the pro-etale site of has the 
advantage of allowing us to define the overconvergent Eichler-Shimura map at the level of sheaves 
explicitly, using the cover Xoo,w and the fundamental period 3 . 

Fix a small weight U. The following proposition is the key step in the construction of the 
overconvergent Eichler-Shimura map. 

Proposition 4.11. Let w > 1 + su and s > I + su. Let Foo £ X^j^-pmet/Xoo,w be qcqs. We have a 
map 

f3u : D^°®an'jFoo) ^ Ru®dx^{Voo) 

defined on pure tensors by fiu '■ h ® f ^ h{xu{^ + d^))f ■ Here we use Proposition \2.(A with 
B = Ox^iVoo), to be able to apply xu to 1 + ix for any x € Zp. This defines a morphism of sheaves 
on Xuj^proet/Xoo,w fiu Satisfies the equivariance relation 

= xu{bl + d)x*fiu{h) 

for any 7 € Ao(p), Fo £ Tuj.proet d^qs and h G 'Dy° x^{x~^^oo)■ In particular, pushing forward 
to Tu,,proet nnd passing to Kq{p)- invariants, fiu induees an Ru-linear and Hecke equivariant map 

5u : ODh 

of abelian sheaves on <Tii,,proet- 

Here we are interpreting xw(l as an element of (Fo), and extending p, by linearity 

and continuity to an (Fo)-linear map A^°0dx,„{Voo) Ru^Ox,_,{Voo)- 


Proof. First we check that fin is well defined, i.e. that the description on pure tensors extends by 
continuity. To do this, note that the description on tensors define compatible maps 

OaFFo) ^ {Ru/oti) OaJFc) 

for all k. By the definition of the filtrations we then get compatible maps 

(D^7Fil"D^°) OaJFo) ^ {Ru/at,) Oa7Fo). 

Taking limits and inverting p we get the desired map. It is then enough to check equivariance on 
pure tensors h = p® f. We compute 


fiu{lh) = {x-u h){xu{I + ix))x* f 

= T {xu{cx + d)xu{'^ +l*f 
= h{xu{cx + d + i{ax + h)))x*f 
= T {xu{bi + d)xu{'^ + X*f 

= Xu{bl + d)p {xu{I + x*f 

= Xu{bd + d)'y*{p{xu{'^+ix))f) 

= Xuibd + d)x*fiuih) 


and arrive at the desired conclusion. We leave the Hecke equivariance away from p to the reader. □ 

The map 6u is our version of the map S^iw) from |AIS2[ §4.2]. We may then define the 
overconvergent Eichler-Shimura map at the level of spaces in the same way as in |AIS2] : 
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Definition 4.12. Let lA he a small weight. The weight lA overconvergent Eichler-Shimura map 
ESu is given as the composite 


= ^proet('^’c„OD^) ^ ^proet = 




where the first map is induced hy restricting cohomology classes along the inclusion C X. ESu 


is Hecke- and G^^-equivariant by Propositions \4.3[ \4-4\ \4-lT\ and Corollary \4.8\ 


The above definition gives also a map ES^ for any individual point k G W(Qp), since any such 
weight is both small and affinoid. Note also that the construction of ESu is functorial in lA: if we 
have a morphism lA ^lA' compatible with the characters, then we have a commutative diagram 


Vi 


W',Cp 


Vi 


U,Cp 


ES, 




ESu 


,(-l) 


■^U,Cp 


(- 1 ) 


where the vertical maps are the natural ones. In particular, when lA is a. small open weight and 
K € we have a commutative diagram 


^ U,Cp 


* KjCp 


ESu 


ES^ 






4.5. Factorization for weights A: > 2. To gain some control of the overconvergent Eichler- 
Shimura map we will prove that it factors through the p-adic Eichler-Shimura map defined by 
Ealtings ( |Eal] i for integral weights k G Z> 2 . The key step is to prove this factorization on the level 
of sheaves, which is the goal of this section. In our setup, this factorization turns out to be rather 
transparent. 

Let V G Tproet be qcqs and put Voo = V Xoo- Let k >2. By Lemma 02] we know that 

OBUV) = 

Let be the universal p-divisible group over X. We define T to be the relative Tate module of 
gumv viewed as a sheaf on T’proet- Let to be as before. We then define variants of those sheaves on 
Tproet by 

'^ = '^ 

U! = X*UJ 

Let us write Vfc = Sym^“^(T) <8)g Oa" = Sym^(T) and identify with Sym^“^(Zp) via the 

isomorphism sending V* to (0 < z < A: — 2). This identifies the M 2 (Zp)-action on with 

the standard left action on Sym^“^(Zp). 

Lemma 4.13. For any V G T’proet qcqs, we have Vk{V) = {AA'k 0Qp dx{Voo))^°^^'’■ 
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Proof. Follows from Lemma 14.11 upon noting that T{Voo) — functorially in V and Ao(p)- 
equivariantly via the universal trivialization over Afoo- D 


The above lemma and Lemma 14.51 gives us a map 

ODUV)^Vk(V) 

induced by the integration map 
defined in Definition 13.21 

Let 5 E w) be the non-vanishing section defined in H2.41 Recall that 

^IJV) = {/ e Oa-JKc)|7V = (&3 + dr^f} 

for V E Tu,,proet qcqs. 


Lemma 4.14. We have 
via the map 


7,1 ~ 

^k,w J|A7 

/ eA / • 


Proof. For V qcqs the map induces an isomorphism between .^,(R) and the set {rj E | 

7 *r/ = 7]} using the transformation rule for s. By an argument similar to that in the (first half of 
the) proof of Lemma 12.261 the latter is functorially isomorphic to □ 


Recall the linearized Hodge-Tate map 

T ^ oj 

as a map of sheaves of Tproet- Taking (k — 2)-th symmetric powers we get a map 

Vfc ^ 

Restricting to and using Lemma 14.141 we get a map 

Vk -Vk ^ — ^i,w 

which we want to describe explicitly: 


Lemma 4.15. Let k >2 and let Vqo E Tu),proet/T’oo be qcqs. Define a map 

by X* !->■ 3 * for 0 < i < k — 2. This is an Ox-Hnear and /S.Q{p)-equivariant morphism of sheaves on 
T’uj^proet/T’oo- Pushing forward to Tu,,proet and taking Kq{p)- invariants we get a map Vfc — 
Evaluating this onV& Tu),proet Qcqs and putting Voo = V Wao,w, we obtain a map 

i^k ^ cbljv). 

which is equal to Vk (using Lemma l4-d3\ ). 

Proof. We describe the map Vk —>■ and then use the isomorphism of the previous lemma. 

Over Voo, the sheaf trivialized by ^g pQorphism 

OQ, OxJVoo) ^ 

From the dehnitions we see that it sends X* to HT(Q;(ei))* HT(Q;(e 2 ))^~^~* where a denotes the 
trivialization of T over Voo and HT denotes the Hodge-Tate map. By definition, s = HT(a(e 2 )) 
and over Ty, we have the relation HT(Q;(ei)) = 3 HT(Q!(e 2 )). Thus X* is sent to Finally 

observe that the isomorphism of Lemma l4. 141 sends to 1. □ 
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We can now prove the factorization theorem at the level of sheaves for our overconvergent Eichler- 
Shimura map. 

Proposition 4.16. For k >2 we have a commutative diagram: 



Proof. It follows from our prior discussion and Lemma 14.151 □ 

Remark 4.17. This diagram, which is a diagram of sheaves over may be viewed as the 
restriction of the following diagram of sheaves over X: 



using the isomorphism of Lemma \4.14[ Note that although^ and5 do not extend to X^o, the products 
do extend to X^^ for all 0 < i < k — 2, so the formulas in the diagram make sense. This 
will cause our overconvergent Eichler-Shimura maps to have very large kernels at classical weights 
k>2 (see M) . 


5. The overconvergent Eichler-Shimura map over the eigencurve 

In this section we prove our main results concerning the overconvergent Eichler-Shimura map. 
These results are analogous to the main results of [AIS2| . However, the payoff for working with 
arbitrary small open weights is that we may glue our overconvergent Eichler-Shimura maps for 
different small open weights into a morphism of coherent sheaves over the eigencurve. This allows 
us to work over rather arbitrary regions of weight space and with general slope cutoffs, as opposed 
to the rather special open discs inside the analytic part of weight space used in [AIS2] . 


5.1. Sheaves on the eigencurve. Let W be a small weight and let s > 1 -I- su. Recall we have 
defined the modules 


V^ = R^roet(-^W,D^); 

V^,C,=^proet('^’W,OD^); 






t 


Hi 

^■w 


Hi, = 




■pHu,w,Cj, 


. ' 

,p 


In this subsection we spread the finite-slope pieces of these modules into sheaves on the whole 
eigencurve C = Ckp, and we glue our Eichler-Shimura maps into a morphism of sheaves. 


Recall the rigid analytic weight space W = Spf(Zp[[Zp with its universal character xw ^ 
Zp —)• 0(VV)^. If lA is an open weight, we write for the ring of bounded functions on 
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This is a Banach Qp-algebra equal to as a dense subring, and with a natural map 

0(W) ^ Recall that we have defined the Fredholm determinant 

F,,(r) = det(l-^r|C.(K,A^)) 

in 113.21 It is an element of the ring of entire power series with coefficients in 

and we showed that it glues to a Fredholm series F{T) € 0{W){{T}} (see e.g. 
[Han 11 Definition 4.1.1] for the definition of a Fredholm series). Now let V = (<S'v,Xv) be an open 
affinoid weight. Arguing as in [Pill §5.2] we see that satisfies Buzzard’s property (Pr) over 5v 

(i.e. it is a direct summand of an orthonormalizable Sy-module, see the paragraph before Lemma 
2.11 of [Buz3j i. Since Up is compact we get a Fredholm determinant 

Gv{T) = det(l - UpT\M\)'^) 

in 0{V){{T}} and these glue to a Fredholm series G{T) £ 0{W){{T}}. Let us set H{T) = 
F{T)G{T), this is also a Fredholm series. Recall f [Han 11 §4.1]) that a Fredholm hypersurface 
is a closed subvariety of W x cut out by a Fredholm series. Given a Fredholm series / we 
write 3f{f) for the corresponding Fredholm hypersurface. Recall that, if h € Q>o and VF C W 
is open, then / has a slope < h-decomposition in 0’^'^{W){{T}} if and only if the natural map 
3(w,h{f) '■= 2f{f) n {W X ]B[0, h]) —)• B[0, h] is finite flat, where ]B[0, h] C is the closed disc 
around 0 of radius p^. We say that (W, h) is slope-adapted for / if these equivalent conditions hold. 
We have the following key result: 


Lemma 5.1. There exists a collection of pairs (Vj, hi), with V C W open and affinoid and hi € Q>o, 
such that {Vi, hi) is slope-adapted for H for all i and the {3T■\;^^h^{H))i form an open (admissible) 
cover of ^{H). Moreover, for each i we may find a small open weight lAi such that Vi C and 
{uT^h) is slope-adapted for H. 

Proof. See [Han21 Lemmas 2.3.1-2.3.4] (the first part is a theorem of Coleman-Mazur and Buzzard 
and is the key step in the ” eigenvariety machine”, cf. [Buz31 Theorem 4.6]). □ 


Fix collections Vi, hli and hi satisfying the conclusions of Lemma. For now, let h G Q>o and let 
lA be any small open weight such that h) is slope-adapted for H, and let V C Z//'"'s be an open 

affinoid weight. Recall our overconvergent Eichler-Shimura map 


ESu : Vi 


W,Cp 


M 




(-I). 


Since h) is slope-adapted for H (and hence for F and G) and ESu is Hecke-equivariant we 

may take slope < Zi-parts on both sides to obtain an iZ 2 ./[b]-linear map 


ESi 


U,<h 


V; 


U,Cp,<h 


M 


t,tP 


(- 1 ) 


of finite projective Rw[|]-modules. We may compose with this map the natural map ^ 

tensor the source with Sy to obtain an 5v-linear map 


ESv,<h : n,Cp,<h 


— ^ti,£p,<h ' 


^Ru[ 


uSv 


■^V,Cp,<h 


(- 1 ) 


where the first isomorphism is that of Proposition 13.41 


Let us now recall the eigencurves for of tame level K'p constructed out of overconvergent 
modular forms resp. overconvergent modular symbols, using the perspective of [Han 11 §4]. Let 
So denote the finite set of primes I for which ^ GL 2 (Z£) and let S = Sq U {p}. We let T 
denote the abstract Hecke algebra generated by commuting formal variables T^, Si for i fiYj and 
Up. Then T acts on all spaces of modular forms and modular symbols used in this article. We 
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may construct two eigenvariety data f [Han 11 Definition 4.2.1]) = (W, 

and Sv = (W, Here M) and V are the coherent sheaves on ^{H) obtained by 

gluing the lin^ ^ resp. the <h, over the (see [Han 11 Proposition 4.3.1] 

and the discussion following it for the construction of V; the construction of A4^ is similar but 
easier). Given these, [Han 11 Theorem 4.2.2] allows us to construct the eigenvarieties and Cv 
together with coherent sheaves on resp. V on Cv (this is a mild abuse of notation; we 
will have no further reason to consider the sheaves with the same name over Since the 

following proposition is well known we only give a brief sketch of the proof: 

Proposition 5.2. There is a eanonical isomorphism Cj\^f = Cv eompatible with the projection 
maps down to W and the aetions ofT. 

Proof. This follows by applying [Han 11 Theorem 5.1.2] twice (once in each direction), upon noting 
that both eigencurves are reduced and equi-dimensional (of dimension 1; they are ’’unmixed” in the 
terminology of [Hanl| b For these applications one should modify the eigenvariety data, replacing 
f^{H) in with the support of and similarly for The relevant very Zariski dense subsets 
are then constructed using the control/classicality theorems of Stevens and Coleman together with 
the usual Eichler-Shimura isomorphism (see [Han 11 Theorem 3.2.5] for a general version of the 
control theorem for overconvergent modular symbols, and see e.g. [.Tohl Theorem 4.16] for a proof 
of Coleman’s control theorem in the context of the compact Shimura curves used here). □ 


In light of this we will identify the two eigencurves and simply denote it by C. It carries two 
coherent sheaves and V which are determined by canonical isomorphisms 




^Vi,<hi - 

vcv.A) = ^n,.<k. = n,.<k. 


for all i and sufficiently large w resp. s, where is the preimage of in C. We form the 

sheaves := A4i(8)QpCp and Vcp := They are determined by canonical isomorphisms 




r\j 


M 


1,1/) 

Vi,Cp,<hii 


^Cp{CVi,hi) — 


= V 


s 


for any sufficiently large w resp. s. We may also naturally view these sheaves as coherent sheaves 
on the base change Ccp of C from Qp to Cp. They are then determined by the obvious modifications 
of the above canonical isomorphisms. 


With these preparations we may now state the main theorem of this section which glues the 
maps ESvi,<hi- 

Theorem 5.3. There exists a canonieal Heeke and Galois-equivariant morphism 

es Vc, ^ 

of coherent sheaves of Oc^QpCp-modules onC (or coherent sheaves of Ocf^p-modules onCcp), which 
glues {ESvi,<hi)i- 

Proof. The ES\;^^<hi induce maps over the cover using the canonical isomorphisms. Check¬ 

ing that they glue is tedious but straightforward, using the functoriality of the maps ESu in the 
small open weight U as well as the naturality of the construction of ES\;^<h for V T V open 
affinoid and U small open such that h) is slope-adapted for H. We leave the remaining details 

to the reader. □ 
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The morphism £S is our main object of study in this section. Our main technique to study it is 
via specialization to non-critical classical points of C (recall that a classical point x is non-critical 
\i h < k — 1, where h is the slope and k is the weight of x). Let k € VV(L) with L/Qp finite and let 
(V,/i) be slope-adapted with V connected and affinoid and k G V(L). By |Hanll Theorem 3.3.1] 
there is a second quadrant spectral sequence (with s big enough) 

which degenerates at the E 2 -page since Ovv(V) is a Dedekind domain. This gives us a short exact 
sequence 

0 ^ V(Cv,/.) ®Ow(V) L ^ ^ ^ 0. 

Now assume that x G C{L') is a classical non-critical point of weight k = k (with L' jL a finite field 
extension). After localizing the above short exact sequence at x it becomes an isomorphism 

(V(Cv,/.) 0Ow(v) 

This follows from the fact that x does not occur in iL^(iL, Dy)</i, which by [Han 11 Proposition 
4.5.2] follows from the fact that it does not occur in Lf^(iL, D^)</i, which in turn follows from 
the control theorem. Using the control theorem again, the right hand side of the isomorphism is 
canonically isomorphic to Hl^{Xc^,Vk)x- From this we deduce that the fiber of V at x is the largest 
semisimple quotient of the generalized eigenspace in associated with x. 

By a similar but simpler analysis (using Lemma I2.29p one sees that the fibre of at an 
arbitrary point x G C(Qp) is equal to the largest semisimple quotient of the generalized eigenspace 
in D^^) associated with x where w is sufficiently large. One may of course apply 

the control theorem if x is non-critical and classical to gain a further refinement. Similarly, the 
analogous statements apply to the same objects based changed from Qp to Cp. 

We will need a few extras fact about C before we proceed to analyze £S. 

Lemma 5.4. Let k G W(Qp) he a weight and let s > s^- Then = 0. 

Proof. Write for the closed subgroup of G of elements of reduced norm one. Under our fixed 
isomorphism G{hp) = GL 2 (Zp) we have G^(Zp) = SL 2 (Zp). To prove the lemma, it suffices to show 
that iL0(r,D^) = 0 for any congruence subgroup T C G^(Z) contained in Kq{p). By the p-adic 
continuity of the T-action on D®, we have 

H\r,-Di) = H\rp,-Di), 

where Tp denotes the p-adic closure of T in GL 2 (Zp). By [Rapl Lemma 2.7] and the Zariski density 
ofTinG^ (seee.g. [PRl Theorem 4.10]), Tp contains an open subgroup of SL 2 (Zp), and in particular 

contains a nontrivial element n = for some a G Zp, a ^ 0. Note that u acts on /r G D® by 

{u ■ p){f{x)) = p{f{x + a))] in particular this action does not depend on k. Since any element of 
^°(rp,D®)c D® = D® (8 )Qp L (L the residue field of k) is fixed by u, it now suffices to show that 
no nonzero element of D® is fixed by u. To see this, note that the Amice transform 

p ^ ApiT) = /(I + TrKx) € Qp[[r]] 

defines a Qp-linear injection of D® (regarded as a ring under convolution) into a subring of Qp[[T]] 
(cf. M §1 .8] for more detailed statements). An easy calculation shows that Ap.p(T) = (1 -|- 
T)“Ap(T), so if u-/r = /r then ((1 -|- T)“ — 1) ■ Ap{T) = 0, and since Qp[[T]] is a domain this implies 
A^{T) = 0 and then p. = 0 as desired. □ 
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Lemma 5.5. The sheaves and V are torsion free. 

Proof. We start with Ai^. This is a local statement so we may work over some Cv,h coming from 
a slope-adapted (V, h) with V affinoid. Then Oc(Cv,ft) is finite over Ow(V), so it suffices to show 
torsion freeness over Ow>(V), which is clear by definition. 

We now prove torsion-freeness for V. Working locally as above it is enough to show that 
H^{K, Dy)</j is a torsion-free Ow(V)-module, where V C VV is affinoid and (V, h) is slope-adapted. 
Let K G V(Qp) be a weight, cutting out a maximal ideal rUre and let L := Clw(V)/mK- It is enough to 

show to that the rriK-torsion vanishes for all k. This torsion is equal to Toic^^^'^\h^{K, Dy )<h,L). 
Using the Tor-spectral sequence f |Hanli Theorem 3.3.1]) one sees that this Tor-group is a subquo¬ 
tient of F0(is:,D*)<fe, which vanishes by the previous Lemma. □ 

Next, assume that our tame level is of the form Ki{N) for some N with (N,dp) = 1. Let 
Cnc Q denote the set of non-critical classical crystalline points for which the roots of the pth 
Hecke polynomial are distinctly For each positive divisor M\N, let denote the set of points 

X in for which the tame Artin conductor of the Galois representation px associated to x is 
exactly Md. Note that the tame Artin conductor is sometimes just called the tame conductor; see 
the discussion in m before Lemma IV.4.3. Let CM-new denote the Zariski-closure of in 

C. The following lemma was stated without proof for modular curves in [Han2| . 

Lemma 5.6. Assume that the tame level is of the form Ki{N). For any M\N, CM-new is a union 
of irreducible components ofC, and C = LiMiNCu-new 

Proof. Adapting the proof of [Bell Lemma IV.4.7], one shows that CJ/_new I® accumulation subset 
of C: each point x G has a neighborhood basis of affinoids U C C for which U n 

is Zariski-dense in U. This property implies that each irreducible component of the Zariski-closure 
CM-new has positive dimension. Since C is equidimensional of dimension one, we deduce from [Coni 
Corollary 2.2.7] that CM-new is a union of irreducible components of C. Since = U^^-iArCAf-new 
is a Zariski-dense accumulation subset of C, the remainder of the lemma is clear. □ 

5.2. Faltings’s Eichler-Shimura map. In this section we adapt Faltings’s construction l [Fal] l 
of the p-adic Eichler-Shimura morphism to our setting, and use it to give a precise description of 
ESk at weights k > 2. Fix k G Z> 2 . Recall the morphism 

Vfc ^ 

defined in 1)4.51 It induces a map 

^proet(‘^C„ Vfc) ^ 

Note that we have an exact sequence 

(I) 0 ^ ^ ^ ® ^ 0 

coming from the spectral sequence which degenerates 

at the E 2 -page by an argument similar to (but simpler than) the proof of Proposition 14.71 

Proposition 5.7. The composite map 

^proet(‘^C,, Vfc) ^ ^ 

is surjective, and the kernel is isomorphic to ® ® Hecke- and Galois 

module. 

^This last condition is conjectnrally automatic. 
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Proof. Recall the Hodge-Tate sequence 

for Since the morphism Vk —>■ comes from the map T ^ cD by taking {k — 2)-th 

symmetric powers, we see that its kernel Ker^ sits in a short exact sequence 

0 ^ - 2) ^ Kerfc ^ ^ 0 

where Q is simply defined to be the quotient. We get exact sequences 

^proet('^’c„Kerfc) ^ Vfc) ^ 

We have an isomorphism Sym-^ T) (8)Zp Cp for all j > 0. From the 

Hodge-Tate sequence one deduces that Q carries a filtration with non-zero graded pieces tD®* for 
i = A — k,6 — k,k — 4: (up to twists). Using this filtration and the sequences ([I]) with k — 2 replaced 
hy i = 4 — k,6 — k,k — 4 together with the usual Eichler-Shimura isomorphism for quaternionic 
Shimura curves one sees that and ^^proet(‘^Cp) Q) do not have any Hecke eigenvalues 

in common. Thus, looking at the second exact sequence above, we see that any generalized Hecke 
eigenvector in Ker^) that is not killed by the map 

must come from ^^proet('^Cp,- 2)). 

Hence we have an exact sequence 

^proet(d:’Cp,W®'-"(A^ - 2)) ^ ^ 

By the exact sequence © and looking at Hecke eigenvalues again we get an exact sequence 

We now apply a similar argument to ^^proet(‘^Cp) “ 2)). Replacing k — 2 with 2 — fc in (JT| 

we have the exact sequence 

Arguing with Hecke eigenvalues as above and using Serre duality we get a sequence 

(2) 0 ^ Hi{Xc,.uj^^-\k - 2)) ^ ^ //o (Tc„a;®'=-2 ^ 0 

which is exact in the middle. By Serre duality 

Hi{Xc,.u:®^-\k - 2)) - 0 - 2). 

Counting dimensions, we see that ([2|) is a short exact sequence as desired. □ 


We have a diagram 

<o*(-rc„oD|) TA 




which commutes by Remark 14 .1 71 and the functoriality of the remaining maps. Note that the right 
vertical map is injective by analytic continuation. Its image is, by definition, the space of classical 
modular forms. We then have: 
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Proposition 5.8. Let k > 2. The image of ESk is contained in the space of classical modular 
forms. Moreover ESk is surjective on slope < h-parts when h < k — 1. 

Proof. The first statement is clear from the diagram. To see the second, note that both the 
left and right vertical maps in the diagram above are isomorphisms on slope < h-parts when 
h < k — 1 hy the control theorems of Stevens and Coleman. To conclude, use that the map 
E^{Xcp,Vk) —>• ih?^-(<Tcp, )(“^) surjective by Proposition 15.71 □ 

Note that the kernel of ESk is big: it is infinite-dimensional with finite codimension. 


5.3. Results. In this section we deduce some properties of our overconvergent Eichler-Shimura 
map £S and the sheaves V and . The results are very similar to those of |AIS2[ §6], but we 
are able to prove them in a more global form. Let us denote by C®™ the smooth locus of C. It 
contains the etale locus C®* of the weight map, and both these loci are Zariski open. Furthermore 
C®* contains the set C“® of non-critical classical crystalline points for which the roots of the p-Hecke 
polynomial are distinct. Let us explicitly record a lemma in rigid geometry that makes arguments 
involving Zariski density simpler. We will (sometimes implicitly) apply it in the remainder of this 
section. 


Lemma 5.9. Let X be a smooth rigid space over a non-archimedean field K, and assume that 
is an increasing cover of X by affinoids. Assume that S C X is a very Zariski dense set 
of points. Then we may find an increasing cover (Un) of X by affinoids such that S nUn is very 
Zariski dense in Un for all n. 

Proof. We define Un to be the Zariski closure of 5 n 14 in 14 . By definition Un is a union of 
components of 14, hence affinoid, and it remains to show that X = IJ^i For this it suffices 
to show that, for fixed n and a fixed component C of 14, there exists m > n such that C C Um- 
Fix n and C. C is a subset of a (global) component D of X, so by Zariski density we pick a point 
s € 5 n H. If m > n, let Cm denote the component of Vm such that C C Cm- Define, for m > n, 

Tm — G V4 | 4 oa . ikmix') ^ 

where ikm • ^4 — 14 is the inclusion map. Then Tm is a union of components and we claim that 
s G Tm for some m. To see this, note that Tm = Vm H Tm+i for all m > n, so T := Um>n is an 
open subset of X with open complement. Hence if s ^ T, s could not lie on the same component as 
C. Therefore there is some m for which s G Tm, and hence some k for which s & Ck, which implies 
that C C I/fc by the very Zariski density of S. □ 


Remark 5.10. Note that C®™ may be covered by an increasing union of affinoids. To see this 
note first that this is true for C since it is finite over W x A^, which is quasi-Stein. If we pick 
an increasing affinoid cover (14) ofC, then C®™ = Un F)?™ ond I 4 ™ is Zariski dense in I 4 , with 
complement cut out by the functions fn,i, .■.,fn,k„ say. We may choose Cn G p^ tending to 0 such 
that 


{|/n,l I, \fn,k„ I < Cn} Ll Vm 4 {|/m,l |, \fm,km. | < 2 ' 


for all m < n, where we use a general fact that the sets ({Iffil < eD^gpQ define a cofinal system of 
neighbourhoods of {\gi\ = 0}. Then we claim that the sets 


Cn — {|/n,l|, |/n,fc„| 4 Cn} 


are affinoid and cover C®™. Indeed, they cover C®™ by definition, and they are affinoid since they 
are rational subsets of the 14 - 


With this we state a simple consequence of Proposition 15.81 
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Theorem 5.11. View £S as a morphism of coherent sheaves on Cc^. Then £S is surjective outside 
a Zariski-closed subset ofCc^ of dimension 0, and the support o/coker (£’5) is disjoint from the set 
of non-critical points. 

Proof. Since coker(£’5) is coherent its support is Zariski-closed. Hence the first statement follows 
from the second: if the support is not of dimension 0, then it must contain some component of C and 
hence non-critical points. To prove the second statement it suffices to prove that £S is surjective 
on fibres at non-critical points. Let x be such a point, with weight k. By the computation of 
the fibres in 115.11 and the computation of £S we see that it amounts to the Eichler-Shimura map 
ESk restricted to maximal semisimple quotients of the generalized eigenspaces for x. Since x is 
non-critical this map is surjective by Proposition 15.81 □ 

Let us raise the following question: 

Question: Is the support of coker T5 precisely the set of x with weight k G Z >2 such that ES^ 
fails to be surjective on generalized eigenspaces for xl 

Next let us state some results on the structure of V and over C®™. For any n € Z>i we let 
r(n) denote the number of positive divisors of n. 

Theorem 5.12. Assume, for simplicity, that that the tame level RP is of the formYl^^^^^^f^^-^ Ki{N)x 
nr|disc(s) ^ome N >3. Let M G Z>i be a divisor of N. 

(1) V and are locally free on C®™. The rank ofY over is 2t{N/M) and the rank 

ofM^ over isT{N/M). 

(2) Let i he a prime not dividing Np‘disc{B). Then V is unramified at i and the trace o/Frob^ 

on V over is t{N/M) ■ T^, where we view Ti as a global function on C. 

(3) Let x G C^new(^p)- Then the fibre of'V at x is the Galois representation attached to x 
via the theory of pseudorepresentations. 

Proof. First we prove (1). By Lemma 15.51 V and AT are torsion free coherent sheaves over C®™, 
which is smooth of pure dimension 1. Therefore V and AT are locally free. To compute the ranks 
over it suffices to compute the dimension of the fibres at points in n This is 

a computation using Atkin-Lehner theory, the control theorems of Stevens resp. Coleman and the 
classical Eichler-Shimura isomorphism (see e.g [Bell Lemma IV.6.3]). 

To prove (2), note that the statements are true after specializing to points in (using Stevens’s 

control theorem and the well known structure of the Galois representations Vk)). By Zariski 

density of in Cf^-new then conclude. Note that, to check that it is unramified, 

one may reduce to the afhnoid case by Lemma 15.91 and Remark 15.101 where it becomes a purely 
ring-theoretic statement. Localizing (ring-theoretically), one may then reduce to the free case, 
where one can check on matrix coefficients using Zariski density. 

Finally, (3) follows from (2). □ 

Remark 5.13. The assumption on RP in the above theorem is only to simplify the exposition. The 
theorem and the definition of the CM-new niay be adapted to arbitrary tame levels RP = 
with essentially the same proof, except for the explicit formulas for the ranks. 

We remark that the statement that V is unramified at i \ Np ■ disc(i?) also follows from the same 
fact for the (for U small open), which in turn follows from the construction upon noting that 
all members of the tower {XkjOkj, ore analytifications of schemes over Q with good reduction at i. 

Finally, we prove that £S generically gives us Hodge-Tate filtrations/decompositions on V. 

Theorem 5.14. We work overC^'^. 
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(1) The kernel K and image Z of ES are locally projective sheaves of Ocs^^Q^Cp-modules, and 
may also be viewed as locally free sheaves on C^. 

(2) Let ecsm be the character of defined by the composition 

Gq, ^ ^ ^ (Gc".®q,C,)x 

where e is the p-adic cyclotomic character of and xw is the universal character ofL^. 
Then the semilinear action of Gq^ on the module /C(e^sD is trivial. 

(3) The exact sequence 

is loeally split. Zariski generically, the splitting may be taken to be equivariant with respeet 
to both the Hecke- and GQ^^-aetions, and sueh a splitting is unique. 

Proof. Part (1) is clear since V and are locally free on and is locally a Dedekind 

domain. The second statement follows similarly. 

For part (2) we use Lemma 15.91 and Remark 15.lUI to reduce to the afhnoid case with a very Zariski 
dense set of points in Taking a further cover we may also assume that 1C is free (perhaps after 
making a hnite extension, but this will not effect the rest of the argument). The statement now 
follows from the family version of Sen theory l |Selj . |Se2] i , using the fact that the Sen operator 
4> of /C(e^sm) vanishes on points of and hence on C®™ by Zariski density of and analyticity 
of (j). The argument proceeds exactly as the proof of |AIS2[ Theorem 6.1(c)], to which we refer for 
more details. 

Finally we prove part (3), arguing more or less exactly as in the proof of |AIS2l Theorem 6.1(d)], 
to which we refer for more details. Once again we may work over an afhnoid U C C®™ with a 
Zariski dense set of points U fl We may without loss of generality assume that 1C, 'Vcp and Z 
are free (once again, one might need to make a hnite extension, but this does not ehect the rest 
of the argument and we will ignore it). The short exact sequence is an extension which dehnes an 
element in H^{Gi^^,'H) where 

TL := Hom(p^(^)g^^j.^(X,/C). 

Let (j) be the Sen operator of H. By work of Sen it is well-known that det(0) kills H^{G(q^,'H). 
Specializing at points in U nC“ one sees that det((^) does not vanish identically on any component 
of U. Thus, localizing with respect to det((^), we hnd a Zariski open subset of U over which the 
extension is split as semilinear Gqj,- representations. Moreover, if we further remove the hnite set 
of points whose weight is —1 G Z, then Z and 1C have distinct Hodge-Tate weights hbre-wise (by 
using part (2) and that Z has constant Hodge-Tate weight —1). Thus there can be no non-zero 
Galois equivariant homomorphisms between K, and Z. Since the Hecke action commutes with the 
GQp-action, this implies that the GQ^-splitting must be Hecke stable as well. □ 

6. Appendix 

In this appendix we dehne a ’’mixed” completed tensor product that we will use in the main 
text, and prove some basic properties as well as a few technical results that we need. 

6.1. Mixed completed tensor products. Let iL be a hnite extension of Qp and let O be its 
ring of integers, with uniformizer vo. Our ’’mixed completed tensor products” will be denoted by 
an unadorned G. The base held is assumed to be implicit in the notation. In the main text we will 
always take K = Qp so this should not cause any problem. We starting by making the following 
dehnition: 

Definition 6.1. Let M be a topological O-module. 
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(1) M is called linear-topological if there exists a basis of neighbourhoods of 0 consisting of 
O-submodules. 

(2) We will say that M is a profinite flat O-module if M is flat over O (i.e torsion-free), 
linear-topological and compact. 

Let us remark that if M is a profinite flat O-module then the topology on M is profinite, 
which justifies this terminology. We also remark that such M are exactly the O-modules which 
are projective and pseudocompact in the language of |SGA3[ Expose VII^, §0]. Let us recall the 
following structure theorem for profinite flat O-modules, specialized from |SGA3l Expose VII^, 
0.3.8]: 

Proposition 6.2. M is a profinite flat O-module if and only if it is isomorphic to Hie/ O equipped 
with the product topology, for some set I. 

We note that a set of elements m iVL such that i\L — Oie/ Oci is called a pseudobasis. In 

what follows ‘tz7-adically complete” always means complete and separated. 

Definition 6.3. Let M be a profinite flat O-module and let X be any O-module. We define 

X%M := 1^(A M/li) 

i 

where (li) runs through any cofinal set of neighbourhoods of 0 consisting of Zp-submodules. 

By abstract nonsense this is independent of the choice of system of neighbourhoods of 0. Note 
that if A is an O-algebra and R is a small O-algebra, then A®R comes with a natural structure 
of a ring, as is seen by choosing the neighbourhoods to be ideals. To compute X®M in a useful 
form we fix a pseudobasis {ei)i^i and define, for J Q I finite and n > 1 an integer, to be the 
submodule corresponding to 

:= Ww'^Oci X 
i^J i^J 

This forms a system of neighbourhoods of 0. Then we have: 

Proposition 6.4. The functor X i—)■ X®M is isomorphic to the functor X i-> OiG/ X, where X 
is the w-adic completion of X. 


Proof. We compute 




= ^m A (8)0 M/Mj,n 

.J,n 

= A M/Mj^ri) 

J n 


= A ®o Cl/ro"-) 

J i^j 



= 

J \i€J / 

= 


□ 
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Corollary 6.5. We have 

(1) X I—7- X^M is exact on zu-adically complete X. 

(2) If 0 ^ X ^ Y ^ Q ^ 0 is an exact sequence of O-modules where X is w-adically complete 
and Q is killed by zu^ for some integer N > 0, then Y is w-adically complete and the natural 
map {X<^M)[l/w] —>■ {Y®M)[\/w] is an isomorphism. 

Proof. (1) follows from exactness of products in the category of O-modules. For (2) note that Q is 
ci7-adically complete and Q^M is killed by w^, so the second statement will follow from the first 
and (1). To see that Y is ro-adically complete first note that w^Y C X (i.e. Q killed by w^) so 

^N+ky C y ^ky 

for all A; > 0 and hence we can compute Y as lim ^^ Yjw^X. Thus we get exact sequences 

0 ^ Xjw'^X Yjw^X ^ Q ^ 0 
for all k and hence an exact sequence 

0^ X = X ^Y 

by left exactness of inverse limits. This sits in a natural diagram 



with exact rows and the snake lemma now implies that the map Y —T is an isomorphism as 
desired. □ 

In particular we can now define —®M on if-Banach spaces (this is why we are calling it a 
’’mixed” completed tensor product). It is canonically independent of the choice of unit ball, but 
we also make a more general definition. 

Definition 6.6. Let V be a K-vector space and let V° C V be an Ok- submodule such that 
V°\ylw\ = V. Then we define 

V®XI := {V°®M)[l/w] 

where the choice of V° is implicit (the choice will in general affect the result). 

If V is naturally a Banach space we will always take V° to be an open and bounded O-submodule, 
and Corollary 16.5f 2i implies that V®M is independent of the choice. 

We finish with a lemma needed in the main text. 

Lemma 6.7. Let S be a K-Banach algebra and let V be a finite projective S-module and U a 
Banach S-module. Let M be a profinite flat OK-'naodule. Then we have a natural isomorphism 
V 05 iU®M) = iy 05 U)®M. If V and U in addition are Banach S-algebras and M is a small 
OK-algebra, then this is an isomorphism of rings. 

Proof. Pick an open bounded Oi^-subalgebra Sq of S and pick open bounded S'o-submodules Vq CV 
and Uq C U. Moreover, pick Oi^-submodules {fi) of M that form a basis of neighbourhoods of 0. 
Then we have natural maps 

Vo 05 o (^(Co ^Ok ^/h)) Vq 05o Uq 0Ok ^/h 

i 

for all i which give us a natural map 

Vb {Uo®M) {Vo 05o Uo)^M. 
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Now invert w to get the desired map. If V and U are Banach S-algebras we may choose everything 
so that Vq and Uq are subrings, and if M is a small Ox-algebra we may choose the li to be ideals, 
hence we see that this is a ring homomorphism. To see that it is an isomorphism note that if V 
is in addition free we may choose Vq to be a finite free S'o-module. The assertion is then clear. In 
general, write V as a, direct summand of a finite free S'-module. □ 

6.2. Mixed completed tensor products on rigid-analytic varieties. Let X be a quasicom¬ 
pact and separated smooth rigid analytic variety over an algebraically closed and complete extension 
C of K, of pure dimension n. Here K is a, finite extension of Qp as in the previous subsection and 
we use the same notation O = Ok,'^ et cetera. In this subsection we aim to prove: 

Proposition 6.8. We have a canonieal isomorphism 

R^y^{dx®M) ^ 

of sheaves on . 

Here U i-A {Ox®XI){U) = Ox{U)®M for U G ^proet qcqs defines a sheaf on Xproet and 
the completed tensor product is computed using 0~^{U) C Ox{U). The former is ru-adically 
complete by |Sch3l Lemma 4.2(iii)], so we have exactness of —®M and hence a sheaf. We use 
Im((iiV*Oj)(C/) — {R^v^Ox){U)) to compute the completed tensor product on the right hand 
side and claim that this is a sheaf, but these statements are not obvious and we will prove them 
below. 

We note the following important corollary to the above proposition. 

Corollary 6.9. We have 

R^u,{dx®M) ^ {Ox®M) 

as sheaves on X^f 

Proof. This follows from Proposition 16.81 Lemma 16.71 and the canonical isomorphism — 

i) (Proposition 3.23 of [Sch2| l together with the finite projectivity of the latter sheaf. □ 

We will need several lemmas before we can prove Proposition 16.81 

Lemma 6.10. The presheaf U >-)• on X^t is a sheaf, where 0^(1/) has its w-adic 

topology and the trivial "Lp-action. 

Proof. This follows from the computation in [Sch3[ Lemma 5.5]; P[l^g{'Zp,0^{U)) is isomorphic to 
Ko+{ur in a way compatible with completed tensor products. □ 

Put = Spa{C{Xf^, ...,X^^),Oc{Xf^, ...,X^^)). We let be the inverse limit over n > 0 

of Spa(C'(X^^ ^ ,...,Xn^^^ ),Oc{X^^^^ ,...,Xn^^^ )). This is an affinoid perfectoid (see |Sch3[ 
Example 4.4]). 

Lemma 6.11. Let U G X^t o,nd and assume that there is a map U —>■ which is a composition of 
rational embeddings and finite etale maps. Pull back the affinoid perfeetoid Zp-eover T” to obtain 
an affinoid perfectoid Zp-cover U ofU. Then: 

(1) There is a canonieal injection 

with cokernel killed by p. 

( 2 ) W{Up,^„dx) = HUz;,Ox{U)). 
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(3) H'‘{U^roet,0~^®M)°' = (i7*(?7proet, )“ (where — “ denotes the assoeiated almost Oq- 

module). 

(4) 

Proof. We start with (1). The Cartan-Leray spectral sequence (cf. Remark 12.251) gives us 

for all m. Since the H'^{UproetTC)f^/w^) are almost zero for all g > 1 ( [Sch31 Lemma 4.10], see the 
proof of (i) and (v) ) we conclude that 

H^iUproet, 0\/w^r = {Oyw^){JJ)r. 

Next, note that the inverse system 

has surjective transition maps by the proof of |Sch3[ Lemma 5.5]. Since the inverse system 
has almost vanishing higher inverse limits on the pro-etale site (by an easy application 
of the almost version of [Sch31 Lemma 3.18]) we conclude that there is an almost isomorphism 

{0+lwy{Ur = //^(C/proet,0+)L 

By [Sch31 Lemma 5.5] we have 

J\{0*l^’"){ur ^ wcsiAOtir^^W)) ^ HnplAoyw'^W)) 

with cokernel killed by p, compatibly in m; in fact the proof shows that the injection is split. It 
remains to verify that lim {Of^/zu'^){U)) = H^g{Zp,Oj^{U)). This is standard; one may 
e.g. argue as in the proof of |NSWl Theorem 2.5.7] (note that the relevant lim^ vanishes by the 
isomorphism above). This finishes the proof of (1). 

For (2), use (1) and invert w - this commutes with taking cohomology by quasicompactness. 

For (3) we view —fS)M as the functor of taking self products over some index set I. We remark 
that H^{Uproet, Ojf)“ is ro-adically complete by part (1), [Sch31 Lemma 5.5] and the almost version 
of Corollary 16.5f 3L Thus we are left with verifying that cohomology for Oj almost commutes with 
arbitrary products. Writing Hie/ lim ^ Fliej all J C / finite we are left with showing that the 
relevant higher inverse limits vanish, which is easy using the Mittag-Leffler condition and |Sch31 
Lemma 3.18]. 

Finally we invert tu in (3) to deduce (4). □ 

Lemma 6.12. The sheaf R'v^^Ox is equal to the sheaf U i—>• Hl.^g{'Zp,Ox{U)), and {R''v^:Ox)®M 
may he computed using H(.yZp,0^{U)) C R'l/^OxiU) . 

Proof. We may work etale locally on JT, so assume without loss of generality that there is a map 
X —7> which is a composition of rational embeddings and finite etale maps. By abstract nonsense 
EdutfOx is the sheafification of the presheaf U i-A L7*(t/proet) Ox)- Let us write F for this presheaf. 
By part (1) of the previous Lemma there is an exact sequence 

0 ^ Hyz;, oyu)) -y 77*(t/proet, dy -y Q\U) -y 0 

where Q'‘{U) is simply defined as the quotient. This is an exact sequence of presheaves on X^. 
Moreover Q^{U) is killed by p for all U. Write G for the presheaf U i-A Hfi_g(Zp,0^{U)), for 
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U i-A i?*(f7proet, Ojf) and Q for [/ ^ Q'^{U). Then the exact sequence above sheahfies to 

0 ^ a ^ ^ ^ 0 

( for sheafihcation) since G is already a sheaf by Lemma 16.101 and is killed by p since 
Q is. Inverting zu we get that Hl^g(Zp,Oy{U))[l/w] = R^i^^Ox{U). For the other assertion of 
the lemma, note that Im(i2V*Oj([/) —> R^i>^Ox{U)) coincides with Hl^yZp,0^{U)) under the 
identification Oj(C/))[l/ti7] = R}v^Ox{U), and is therefore a sheaf (as was asserted in 

Proposition 16.81) . □ 

Proof of Proposition [HT51 Lemma 16.121 gives us that 

{{R^u,dx)^M){u) = {Hyyz;,o+m^M)[i/w]. 

On the other hand R^u^Ox^M) is the sheaf associated with the presheaf 

U ^ HyUproeuOx^M) 

by abstract nonsense. Working locally again, assume that there is a map U T"" as above. We 
may then compute 

HyUp,oet,dx^M) = H\Uproeudx)^M 

= (Im(if*([/p,oet, dy) ^ HyUp^oet, dx))^M)[l/w] 

= {Hyyz;,o+{U))0M)[1/W] 

using Lemma [6.Ill (4) and the proof of Lemma [6.121 Therefore U i-A Lf*(Lproet) Ox'S>M) is actually 
dehnes sheaf when restricting to the basis of such U (since U i-A Hl^yZp, 0~y{U)) is a sheaf), so it 
must equal R^vyOx®M) on these U. This gives the desired isomorphism. □ 

6.3. Analogues of the theorems of Tate and Kiehl. Let A be a quasicompact and quasisepa- 
rated rigid analytic variety over some complete non-archimedean held K of characteristic zero. For 
simplicity let us work with the site given by the basis of the topology consisting of quasicompact 
open subsets together with hnite covers (we will specialize this further eventually). Given a small 
Zp-algebra R, we may form the sheaf 7^(17) = Ox{U)®R on X [U is qc open). In this section we 
are going to prove analogues of the theorems of Tate and Kiehl for Ox for TZ under the assumption 
that X is affinoid and that K is discretely valued. The assumption that K is discretely valued 
makes it easy to prove various flatness assertions. We suspect that this assumption can be dropped 
with some more work but we will not need the extra generality. We will however prove a few 
statements that we need without this assumption on K. For simplicity we work with the topology 
on X given by rational subsets and hnite covers. We start with some basic properties. 

Lemma 6.13. Let X he affinoid and assume that K is discretely valued. 

(1) For every rational U C. X, TZ{U) is Noetherian. 

(2) If V C U C. X are rational, then the map R-iU) —>■ R{V) is flat. 

(3) If U is rational and {Ui)i is a finite rational cover of U, then the natural map IZ{U) — 
WiIZ{Ui) is faithfully flat. 

Proof. To prove (1), choose surjections Ok{Xi, ...,Xm) Ox{U), Zp[[ri, ...,Tn]] -» R and use the 
image of Zp(Ai, ...,Xm) to compute Ox{U)®R (this is valid by the open mapping theorem). Then 
we get a surjection 

Ok{Xu ...,Xm)^Zp[[Tu ...,Tn]] ^ Ox{U)m 
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and by direct computation the left hand side is ...,T„]])[l/p], which is Noe- 

therian (since K is discretely valued), hence the right hand side is Noetherian. 

Next we prove (2). Pick functions /i, fn,g such that V = {|/i|, \fn\ < Iffl 7^ 0}. We factor 
n{U) 7Z{V) as 

Ox{U)0R ^ Ox{U)[l/g] ®Ox{u) {Ox{U)®R) ^ Ox{V)M. 

The first morphism is flat since Ox{U) —)• Ox{U)[l/g] is, so it suffices to show that the second 
morphism is flat. It is obtained from 

0\{U)[h/g,...Jn/g] ®oiiu) {0\{U)®R) ^ 0\{V)®R 

by inverting p, so it suffices to show that this map is flat. But the right hand side is the completion 
of the left hand side with respect to the ideal generated by the images of the generators of the 
maximal ideal of R. Since the ring on the left hand side is Noetherian (it is finitely generated over 
0°x{U)®R, which is Noetherian by the same proof as in (1)), we conclude that the map is flat. 

For (3) we use a more geometric argument. By part (2) the map 

Ox{U)®R^\{Ox{Ui)®R 

i 

is flat. To see that it is faithfully flat, it suffices to show that it induces a surjection on spectra 
of maximal ideals, by [Boni §§1.3.5, Proposition 9]. To simplify notation, put S = Ox{U) and 
Si = Ox{Ui). Since we are only interested in maximal ideals, we will momentarily work with 
classical rigid spaces rather than adic spaces in this proof (only), i?, S° and the S° are formally 
of finite type over Ok, and the unadorned completed tensor products S°®R etc. are completed 
tensor products over Ok in the category of topological Oi^-algebras formally of finite type. Recall 
Berthelot’s generic fibre functor (—)^*s (see e.g. |dJl §7]). By |dJ[ Proposition 7.2.4(g)] the generic 
fibre functor commutes with fibre products, so the morphism 

U R* xsp A Spf(R)"^ = □ Spf(5°§R)"'^ ^ Spf(5°§R)"^ = C/ xgpA Spf(R)"® 

i i 

is surjective (it is a finite open cover). By 031 Lemma 7.1.9] we deduce that we have a surjection 
I I MaxSpec(5i(8)R) = MaxSpec MaxSpec(S'(8iR), 

which is what we wanted to prove. □ 

Having established this Lemma we now view 77 as a sheaf of Banach algebras on X by picking the 
unit ball of 77([/) to be TZ°{U) = 0°x{U)®R. Then all restriction maps are norm-decreasing, hence 
continuous, and if we view 72 as a profinite flat Zp-module and choose a pseudobasis with index 
set 7, the Banach space structure on 77(7/) is the same as the natural Banach space structure on 
the set of bounded sequences in Ox{U) indexed by 7 (of course the multiplication is very different 
from the pointwise multiplication on the latter). We will follow [AWi §5] (which in turn follows 
[FvdPl §4.5]) closely in the proof of our analogue of Kiehl’s theorem. 

Definition 6.14. Let U ^ X be rational and let M he a finitely generated TZ{U)-module. For every 
V C U rational, we define 

Loc(M)(I/) := 77(1/) ^^(U) M. 

This is a presheaf ofTZ-modules of U. 
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Proposition 6.15 (Tate’s theorem). For every rational U F X, TZ) = 0 for all i > 1 and all 

finite rational covers'd of U, i.e. the auqmented Cech complex ford is exact. As a consequence, 
H\U,Fi) =0 for alli> 1. 

Proof. The second statement is a direct consequence of the first by a well known theorem of Cartan. 
For the first, pick a pseudobasis (ej)jg/ of R, considered as a profinite flat Zp-module. For a cover 11 
as above, write C*„g(ll, —) for the augmented Cech complex functor. Then, using the pseudobasis, 
we have 

c:^g{d,n) = Q•„,(il,7^°)[l/p] - [i/p]. 

Note that the cohomology groups C>^) are bounded p-torsion for i > 1 by Tate’s theorem 

and the open mapping theorem, hence by exactness of products and the above displayed equation 
so are the cohomology groups H^{d,Tl°) for z > 1. Thus H''{d,TZ) vanish as desired. □ 

Proposition 6.16. Assume that K is discretely valued. Then functor hoc defines a full exact 
embedding of abelian categories from the category of finitely generated TZ{U)-modules into the 
category of TZ-modules on U. Moreover, Loc(M)) = 0 and Loc(M)) = 0 for all 

i > 1 and all finite rational covers d of U for all finitely generated TZiU)-modules M. If K is 
not discretely valued, Loc(M) is still a sheaf with vanishing higher cohomology groups if M is a 
finitely generated projective module. 

Proof. We start with the sheaf/vanishing assertions. Again, the statement about derived functor 
cohomology follows from that of Cech cohomology by Cartan’s theorem, and the assertion about 
Cech cohomology implies that Loc(M) is a sheaf. Pick a cover if. Then by Proposition 16.151 the 
complex 7^) is exact. If M is projective, then it is flat and hence C*y^g{d,TZ) ^ = 

Loc(M)) is exact. If K is discretely valued, then by the flatness properties of TZ all terms 
are flat 7^(f7)-modules and we may deduce that C*y^g{d,TZ) ^ = C*y^g{d,Loc{M)) is exact 

for arbitrary finitely generated M. In either case, it follows that Loc(M) is a sheaf with vanishing 
higher Cech cohomology. 

Now let K be discretely valued. To see that the functor is fully faithful, note that Loc(M) is 
generated by global sections as an 7^-module. For exactness, one checks that if / : M —>■ is a 
morphism of finitely generated 7^(f7)-modules, then ker(Loc(/)) = Loc(ker(/)) and similarly for 
images and cokernels (in particular, images and cokernels in this sub-abelian category turn out to 
be equal to the presheaf images and cokernels). □ 

Remark 6.17. Propositions \6fT^ and \6.1^ also hold for the etale site of X, with the same proofs 
with obvious modifications. 

We may now introduce coherent 7^-modules. 

Definition 6.18. Assume that K is discretely valued. For a cover d of U as above a sheaf F of 
TZ-modules on U is called if-coherent if for every Ui G d there exists an TZ{Ui)-module Mi such that 
^\Ui — Loc(Mi). 

F is said to be coherent if it is d-coherent for some if. 

The equivalence of this definition and the usual definition is standard, cf. e.g. [AWl §5.2]. 

Before proving Kiehl’s theorem we need a simple lemma. Pick / G Ox{F) and consider the 
standard cover of X consisting of X{f) = {\f \ < 1} and X{l/f) = {\f \ > 1}. We denote the 
intersection by X{f, 1//). We let s denote the restriction map OxiF{l/f)) —>■ Ox{F{f, 1//)). 

Lemma 6.19. With notation as above: 
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(1) The image of s is dense. 

(2) The image of the restrietion map TZ{X{1/f)) —)• TZ{X{f,1/f)) is dense for the natural 
Banaeh algebra structure on the target. 

Proof. Statement (1) is well known, but since there seems to be a little confusion in the literature let 
us give the one-sentence proof: s is the completion of the identity map on OxiX)[l/f] with respect 
to the group topology generated by (ro”0^(X)[l//])„>o on the source and the group topology 
generated by {'UJ^O'^{X)[f, 1/f])n>o on the target. 

To prove (2), pick a pseudobasis {ei)i^i for R. Then the map is the natural map from bounded 
/-sequences in Ox{X{l/f)) to bounded /-sequences in Ox{X{f,l/f)), which has dense image 
since s does. □ 

We may now follow the proof of Kiehl’s theorem from [AWi §5.3-5.5]. One firstly establishes an 
auxiliary lemma f [AWI Lemma 5.3]), which only uses the Banach algebra structure and vanishing 
of cohomology (in our setting this is Proposition 16.151) . Using this auxiliary lemma one proves [AWi 
Theorem 5.4] on surjections of certain maps (upon noting that, in their notation, it is erroneously 
asserted in §5.3 that si rather than S 2 has dense image, see Lemma 16.191) . Then Ardakov and 
Wadsley establish a weak form of Kiehl’s theorem for the covering {X(f), X(1 / f)} f [AW[ Corollary 
5.4]), using [AWI Theorem 5.4] and properties of Loc functor, which is Proposition 16.161 in our 
setting. From this, [AWI Theorem 5.5] follows as well. Following their arguments, we get 

Theorem 6.20 (Kiehl’s Theorem). Assume that K is diseretely valued and let X be a coherent 
TZ-module on X. Then there exists a finitely generated TZ{X)-module M such that T = Loc(M). 
Moreover, if X is loeally projeetive (i.e. there is a eover il sueh that X{U) is projective for all 
[/ € ilj, then M is projeetive. 

Proof. For the last part, use that TZ{X) —faithfully flat and that projectivity for 
finitely presented modules may be checked after a faithfully flat base extension. □ 

We record a simple base change lemma. 

Lemma 6.21. Assume that K is discretely valued and that C is the completion of an algebraic 
closure K of K. LetX/K be an affinoid rigid space and let M be a finitely generated projective R-iX) 
module. Let Xq be the base change of X to C and let f : Xq X be the natural map, and let TZc 
be the sheaf U i-7> Oxc^R on Xq- Then we have natural isomorphisms M®'ji(^x)'Rc{dL) = M®kC 
and 

/“^(Loc(M)) TZc — Loc(M ®k C). 

Proof. The proof of the hrst assertion is similar to the proof of Lemma 16.71 Using this, the second 
assertion follows straight from the dehnitions upon noting that / is open, which makes it easy to 
compute f~^. □ 

Remark 6.22. When working with affinoid weights in the main part of the paper we will often need 
analogues of the results of this section (as well as Lemma Q when one replaces —0/? by —'Siq^S 
in the definition ofTZ, where S is a reduced Qp-Banach algebra of topologically of finite type. In this 
case these results are classical results in rigid geometry, or straightforward eonsequenees of sueh 
results. 

6.4. Quotients of rigid spaces by finite groups. In this section we show that if W is a rigid 
space and G is a finite group acting on X from the right such that X has a cover by G-stable affinoid 
open subsets, then the quotient X/G exists in the category of rigid spaces. If X = Spa(A, A°) is 
affinoid, then the quotient X/G := Spa(A‘^, (A*^)”) exists in the category of affinoid rigid spaces 
by |BGR[ §6.3.3 Proposition 2]. The purpose of this section is to show that this construction glues. 
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In fact, we show that the quotient is a quotient in Huber’s ambient category Y f |Hubl §2]), hence 
in the category of adic spaces. This is presumably well known, but we have not been able to find 
a reference. 

We start with some general discussion on quotients. Let X = {X,Ox, {vx)x£x) £ and let G 
be a finite group acting on X from the right. Consider the quotient topological space Y = XjG 
and let vr ; X —)■ T be the quotient map. We may consider the sheaf of rings Oy ■= {x^Ox)^ on 
Y. For y £ Y we pick x £ X such that 7r{x) = y and let Vy denote the valuation on Oy^y given 
by composing Vx with the natural map Oy^y Ox,x- This is independent of the choice of x (and 
representatives for the valuations Vx)- Then we have: 

Lemma 6.23. With notation as above, the sheaf Oy := is a sheaf of complete topological 

rings on Y and (Y,Oy, (vyjy^y) is in X and is the eategorieal quotient of X by G in X. 

Proof. We prove that Oy is a sheaf of complete topological rings, the rest is then immediate from 
the definitions. First, note that Oy is a sheaf since invariants are left exact. Second, note that 
taking invariants preserve completeness (for example, argue with nets). Finally, taking invariants 
preserves topological embeddings, so Oy is a sheaf of complete topological rings. □ 

Now let X be a complete non-archimedean field with ring of integers Ok, and fix an element 
zu £ Ok with 0 < \vo\ < 1. Let H be a X-algebra of topologically finite type, and assume that B 
carries a left action over X by a hnite group G. Then A := is a X-algebra of topologically hnite 
type and the inclusion ^ —>■ X is a hnite homomorphism by |BGR1 §6.3.3 Proposition 2]. We wish 
to show that Y := Spa(^, A°) is the quotient of X := Spa(X, B°) in X by verifying the conditions 
of Lemma 16.231 

Proposition 6.24. Y = XjG as topological spaces. 

Proof. On topological spaces vr clearly factors through XjG. vr is closed since it is hnite. We know 
from commutative algebra (the going-up theorem) that MaxSpec(X) ^ MaxSpec(A) as sets, hence 
vr is surjective on classical points and is therefore surjective since it is closed and classical points 
are dense. Since vr is closed and surjective it then sufhces to show that the hbers of tt are G-orbits, 
i.e. that Y = XjG as sets. 

To show this, we hrst note that vr hts into a G-equivariant commutative diagram 


Spv(X) ^ > Spv(74) 

with injective vertical arrows; here, following Huber, Spv(X) denotes the set of all equivalence 
classes of valuations on a given ring X. It now sufhces to show that the hbers of vr' are G-orbits. 
To see this, choose any valuation y £ Spv(4.), with support p = = Kery £ Spec(^). By 

|Boul §§V.2.2 Theorem 2(i)], G acts transitively on the set of supports G Spec(X) of valuations 
X £ 7r'“^(y). Therefore, choosing any q = q^, of this form, we need to show that the stabilizer 
Gq of q G Spec(X) acts transitively on the set of valuations x £ Spv(Frac(X/q)) extending the 
given valuation y £ Spv(Frac(74/p)). By |Bou[ §§V.2.2 Theorem 2(ii)], Frac(X/q) is a hnite normal 
extension of Frac(A/p) and Gq surjects onto Aut(Frac(X/q)/Frac(^/p)), so this follows from |ZS[ 
§VL7 Corollary 3]. 

□ 

Corollary 6.25. Y = (X/G, (tt^^Ox)^, (vxg)) cind is therefore the quotient o/Spa(X,X°) by G in 

X. 
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Proof. We know that Y = X/G on topological spaces and it suffices to verify that Oy = 

since then the equality of the valuations follows directly. There is a natural map Oy 

and hence it suffices to prove that this is an isomorphism on rational subsets {|/i |,\ fn\ < \h\ 7 ^ 0 } 

on Y, i.e. that 

B{h/h, fn/hf = B^ih/h, U/h). 

To prove this, note that we have an exact sequence 

g&G 


of finite i?‘^-modules. Note also that B ^{^,..., is flat over B^ and that 


r/A Jjl) — 


fn \ _ 


^ rG'/A A\ — R 


fn\ 

-D \ h^ - ■ ■ ^ h h 


since B is module-finite over B^. Then applying —( 8)50 B^{^, ..., to the exact sequence above 


gives 


0 ^ B^{ 


G/A 

h ’ 


.if) ■■■.!?>(,)■ 


g&G 


Since the kernel of the third arrow here is B {^,we get 

R*^/A A\ — fi/h. /n \ G 


as desired. 


□ 


Corollary 6.26. Let X be a rigid space over K with a right action of a finite group G and assume 
that there is a cover of X by G-stable affinoids. Then the quotient X/G of X by G exists in X and 
is a rigid space. Moreover, the natural map X X/G is finite and if X is affinoid then X/G is 
affinoid. 

Proof. Consider {X/G, (tt^Ox)^, {'^xg)) where tt : X ^ X/G is the quotient map on topological 
spaces. If this is a rigid space then the remaining statements hold by Lemma r6.23l and Corollarv l6.25l 
To see that it is a rigid space let {Ui)i^i be a cover of G-stable affinoids. By G-stability ' 7 r“^( 7 r([/j)) = 
Ui for all i and hence 7r(C/j) = Ui/G is open for all i. By Corollary 16.251 {Ui/G, {tt^^Ojj/)^, {vxg)) = 
{X/G, {tt^Ox)^, {vxG))\Ui affinoid rigid space for all i, and we are done. □ 
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